FAST - Mat 2: Integrace upravou a substituci str.1 z

Neurcity integral

Brno 2019 RNDr. Rudolf Schwarz, CSc.



FAST - Mat 2: Integrace tipravou a substituci str.2 z 8

3x* +5x3 —6x-3x+4 3 " 1 4
1. [x € R\ {0}] f Z dxzf 3x° + 5x —6x3+; dx =
x3+1 x2+1 x%+1 3 5 9 .
=3 2 +5 3 —6— +4ln|x|+c=Zx4+§x3—§-\/x4+lnx4+c
3

. x \ {0; —1}] B2l x X7 x x+1 (x+1)2 T

x2—3x+2=A(x+1?*+Bx(x+1)+Cx

x=0": 2=A
x2: 1=A+B B=-1
y=x+1
o y'= 1 ,
= - - - . d 2 - =
f dx f ,f(x+1)2 w=1 yz 7
ff’(%) substituce dy = dx
21n|x| —In|x + 1 6f‘zd PR SR A W S E
= n — In - =1n - T 1 =1n
X X y y Ix + 1] -1 ¢ [x+1] x+1 ¢

x—1 (x+1)—-2 x+1 2
3. [XE]R\{—l}] fm dxsz dx=f<x+1—x+1> dx =

:fldx—zfﬁ dx ‘ ];((x)) dx ‘—x—21n|x+1|+c=x—ln(x+1)2+c

a c R fxz_l q _f(x2+1)_2 q _f x2+1 2 de =
- b | x2+1 7 x2+1 x= 2+1 x2+1)7

2
_fldx_fx2+1 dx =x —2arctgx + ¢

1 1
4, € R —  dx = dee [— 1 4=
2 ren fx2+2x+2 g x2+2x+1)+1 x f(x+1)z+1 X
z=x+1 1
| dz = dx ‘ _fZZ+1 dz = arctgz+c = arctg(x+ 1)+ ¢
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=

X =

. eER =
> |x ]f dx x2+1 x2+1

x* (x* + x?) — x? f x2(x2+1) (x?2+1)-1
dx = -
x?+1 x?+1

—J 24 Jﬁd f L dx= ox®—x+ arcigx +
= X= ax X 211 x—3x X arctg x c

R\ {1 dx = : dx =
6. [x € RN\ {1}] M_J(x—l)(x2+x+1) *=

_J‘ A + Bx+C dx =
N x—1 x2+x+1 =

x=Ax*+x+ 1)+ (Bx+C)(x—1)

x=1: 1=34 A=<
0=A+B B=—
x°: 0=A-C C=;

1 1 1
_f 5 N —§X+§ q _]_f 1 d 1[ x—1 A =
N x—1 x2+x+1 x—3 x—1 x 3) x2+x+1 X =
ffx
fo

1 1 %(2x+1)—%
=—ln|x—1|——f dx =

3 3 x> +x+1
x+§= %-u

1y 1[ 21 +1f 1 = .
=zl g ) e 2 (+1y+g T de=gdu T

@) 2 4 2x+1 _

Ji63) Nl

1 1 V3

=—|2Injx—1|—-In|x?+x+1] +§f32—37du=

kompl. k. s
1 (x—1)? 11<ﬁf 1 d_gq @—nz+1 ot =
T x2tx+1 23 2 ) w1 T e 2 rxt1 \/garcgu €=

4

_1 (x — 1)2 +J§ t2x+1
“6 'xZ+x+1 3 8T 3
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4—x*=s )
X x -
7. [xe(=2:2 f dx = | —2xdx=ds . ds =
[x € ( )] = . N
dx=—d
2x
1
1 1 1 s2
=——fs_5ds=—E-T+c=—\/§+c:— -x2+c
2
Inx=v
In“ x 2
8. [x€(0; )] j dx =| -dx=dv =]7xdv—jv dv=-v°+c=
dx =xdv
=-Inx+c
arctgx = v
w/arctgx 1 v
9. [x€ER] J T &= | padr=dv =J1+x2 (1+x2)dv =
dx=(1+x?)dv
4
1 U3 3
=f§/§dv=fv§dv=7+c=z-3arctg4x+c
3

-xdw=jcoswdw=

=sinw + ¢ =sin(lnx) + ¢

Inx=w
cos(In x) 1 cosw
10. [xE(O;OO)]j— dx =] = dx = dw =J
X x X
dx =xdw
tgx =y
2k + 1 de=| - [
1 [x;t( * )2] fcos2 YR e W _fcoszx

dx = cos? x dy

-cos?xdy =

=feydy=ey+c=etgx+c
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Inx=v

v? 41
dx = %dx:dv :f .

12. [x € (0; )] xdv =

fln2x+1
X

dx =xdv

_ 2 _1 3 _l B
= | (v +1)dv—3v +v+C—31n x+Inx+c

1—-x+x?=u

2x —1
13. [x€R = = dx=| (-1+2x)dx = du _
: ] V1 —x + x? )
dx = du
2x-1
1
-1 1y f‘ld L 1 —xtaz+
= . = 2 = —_——= p—
N T u u u=-7 x+x%*+c
2
x*+1=t
1
14. [x € R] f(x2+1)3-2xdx= 2xdx = dt =ft3-2x-ﬂdt=ft3dt=
dx = —dt
2x
t* 1
= — = — 2 4
4+c 4(x +1)*+c
1+Inx=z
15 efo; L) u(? f ! d ldx=d
. ' — — " 00 _—_— = —_ = =
* "e e’ x-(1+1Inx) x X =@
dx =xdz
1 1
= —-xdz=j—dz=1n|z|+c=ln|1+1nx|+c
Xz Z

16. [x€(1;3)

] f;dx=J ! dx
Vax —3 —x2 V=3 — (x% — 4x)

:f 1 dx:f 1
J-3—-(x2—4x +4—4) J-3-(x2—4x+4)+4

1
:J- dx =
1—(x—2)?

dx =

XxX—2=y

1
dx=cly‘:fJ1?y2

dy = arcsiny + ¢ =

= arcsin(x — 2) + ¢
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2 _ 2 _
17. [x € R\ {+2}] jzx 8dx=f(42(x Y dx=—2j LI

16 — x* —x2)(4 + x?) 4 + x?
X
- =Uu
1 1 1 z
=—2f 22 dx=—5f N2 dx = x=2Uu =
4(1+T) 1+(5) dx =2du

1 1 X
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18. [x€(0; 1)U (l; ®)] IL dx=jx—1 dx =

W_W x%—xZ
_ 12
121 o _ x=zo
= |5; 5; = = spole¢ny jmenovatel je 12 = dx =12z""dz
2 3 4 N
Vx=z

1
12N\ 5 6 17
=f (z7) 12z11dz=12f z zlldz=12fz— dz =
(212)§ _ (212)% z8 — 73 z3(z° - 1)

z°—1=t
z2S=t+1
z14 z10 _ t+1)?% 1
=12f dz=12f z4dz = | 57" dz = dt =12f( g
z5 -1 z5—1 . 1 t 5
z dz=gdt
210 = (75)?
12 (t2+2t+1 12 1 12 [ t?
=— | ————— dt=—=|(t+24=)dt=—=(=+2t+In|t||+c=
5 t 5 t 5\2

= %[(25_1)2+4(25—1)+2]n|(25_1)|]+C:

2

_ 2oy +4(%_1)+m(%_1)2]+c

~ 10
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x =2siny
2 dx = 2cosydy
19. [xe(-2;2 f dx = X _ =
R 7 ; = siny
. X
arcsin — =y
2 siny)? 4 sin”
=f ( }.]) > 2cosydy=f—chosydy=
V4= (2siny) /4—4sin2y
8sin2y-cosy 8sin2y-cosy sinzy-cosy
-] v= | S v T
Va4 - 1—sin2y 2y cos%y

. X
arcsinZ =y

H (arcsin = =<—E; E> siny - cos
— ( 2) 272 :41_# dy:4fsin2ydy=
(_E. E):D( ) cosy
2’ 2 y

cosy >0

1 — cos2y 2y =2z
—4JT dy—Zfdy—jCOSZy-Zdy—‘ 2dy = dz

x X
= 2y—fcoszdz= Zarcsini—sinz+c=2arcsin5—sin2y+c=

x X ’
=2arcsinE—ZSiny-cosy+c=2arcsin§—x 1—sin2y+c=

_5 X . <x>2+ 5 x 4 — x2
= 2arcsin 5 —x 5 ¢ =2arcsing —x [—

X X
= 2arcsin— — =4 —x%2+¢

2 2

+c=
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