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2x2% + x—2xVx? + x + 2xVx? + x + Vx? + x — 2(x? +x)
4x2+4x + 1—4x2—4x

2
+%ln(2x+1+2\/x2+x) +c=

2x% + x + Vx2 + x — 2x% — 2x) 2

= Zln(2x+1+2 x2+x) +c=

1

1
=—x+ x2+x+Zln(2x+1+2 x2+x) +c

2
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1
12. [X € (—00; —2) U (1, 00)] f\/ﬁ dx =

x24+x—-2=w—x
x2+x—2=w?—-2wx + x?
2wx + x =w? +2
~ oWt ~ 1 2wit2w-—4
- 2w+ 1 _f w22 2w + 1)2 dw =
)
dx=2w(2w+1) (w*+2)2 dw 2w+1
(2w+1)2
_2W2+2W—4d
T T ew+nz VY
1 2w? + 2w — 4
= TV em—— . dw =
fW+W—<W+2) Cw + 1)?
2w+1
_f 2w+1 2w+ w-=2) _J‘ 2 ([ Cw+1) B
") wirw—2 " (w+1)? “Jaw+1 YMT) 2wt -

=ln|2w+1|+c=ln|2(x+ x2+x—2)+1|+c=

1 > 2
=Eln(2x+1+2 X +x—2) +c

JoT T T = r—x
x?>+4x+5=12%—2xz+ x*

2xzZ+4x=2%-5

x(2z+4)=z2-5

z2 -5 z2 -5
x XTo2@+2)  22+4
13. [x € R] f dx = (z+2) z =
Vx2+4x+5

__ 2z[2(z+2)]-(z?-5)-2
b= emr ¢

_ 2(z%+4z+5)
dx = 4(z+2)2 dz

q _Z2+4Z+5d
T 2@r2? ¢
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2

2= 244745 25 2z + 4 244z +5
:J‘ P— .z Z _fz VA VA VA

22-5  2(z+2)2 22+4 222 +4z—2245 2(z+ 2)2
2z+4

dz =

7 —

~(z2 - 5) j%-[(zz+4z+4)—4z—9]
S =

(z + 2)? z2+4z+ 4 dz =

1 [ (2% +4z+4) Pl —22-3
e f fdz+ dz =

2) z24+4z+4 (z+2)? (z+2)?

1

1 —[2(Z+2)+;] 1 —2(z+2) —[ ]
—E-Z'I‘f (Z+2)2 dZ—E-Z+ Wdz (+2)2 dz =
1 [ @+, j 4y = zti=y |
27 z+2 C72) @r22YT dz=dy |

1
ZE'Z—21H|Z+2|=

2

=\/x2+4x+5—ln(x+2+ x2+4x+5) +c

Yx=2z (vizpt.3)

— 6

1 1 X=Z
jﬁﬁ/f dx_j T 1 YT =650z =
1
X6 =2z

1 . z° z2 {[z22+1] -1}
=f—1 - - 62 dz=6j3 2dz=6J > dz =
(25)% + (26)3 z°+z z¢-(z+1)

B [(z+ 1D(z2—z+ 1)]
=6 z+1 _6fz+1 -

14. [x € (0; )]

—6f 2_z+1) d 6f(z+1) az=6(% - % izl ) e =
= (z¢—z+1) dz ) z= 3 > 1z n|z | c=

1\? EAC 1\°
=223—322+6z—1n(z+1)6+c=2(x6> —3<x6> +6x6—ln<1+x6) +c=

=2-Vx—3-Yx+6-Yr—In(1+¥x) +c
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3\/3x+4=u
, 3x +4=1ud
V3x+ 4
15. |[x e R\ {-1 f— dx = 3_4|=
FeRNCUL | s -
dx =u?du
u " 3u3 3[(u3 + 3u —4) — 3u + 4]
=f3_—-u du=f3— duzf 2 du =
u 4+u u>+3u—4 u>+3u—4
3

3(u®+3u—14) 3[—3u + 4] q
,[{ ud+3u—4 +(u—1)(u2+u+4)}

_3fd +f —9u + 12 d—3jd +f A ButC ). _
B ¢ u—D?+u+4) w= ¢ u—1 " w@ru+s) T

—u+12=AWw?+u+4)+Bu+C)(u—-1)
u=1: 3=64+0 A=
u=20: 12=4A-C C=-10

u? 0=A+B B==

S —Zu—10

=3 —2 4 —2 du=
u+fu—1 u+fu2+u+4 u
-1
s +1f(u—1)'d +f7[(2u+1)—1]—10 =
oMt ) umr ™ u +u+ 4 v
1
—Sutolnfu—1 1j cut ] d+j s =Y -
e 2n|u | 4) w2ru+a ™ Wru+d T
39
1 , 1 (@ +u+4) —
=3u+-In(u—-1)"—-- —du+f — 5 du=
4 4) ul4+u+4 wWau+i+
4 4
=3 +11 1)? 11 Ztu+4 ng ! du =
=3u 4n(u ) 4n(u u+4) 2 ( T u=
u+—) +—
2 4
1. (m-1)% 39 1
=3u+—In —j du =
15

47w +u+4 4 ut1\? 4
:I( )
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2u+1
=v
V15
2u+1=vv15
_3 +11 (u—1)2 39 1 du =
R e R R T (2u+1)2+1 “= u=v15—1
V15 2
V15
duszU
_3 +11 (u—1)2 39 1 V15 dp =
-2 4nu2+u+4 15) v2+1 2 V=
Cayy by, DP9 Vis_ e
TN Uy T 15 resrTes
_3 +1l (u—1)2 39 . 2u+1+ B
T T N eyt a 2\/1_53ng V15 ¢
2
1 V3x+4—-1 39 2(V3x+4)+1
:3-3\/3x+4+—1n3 ( . ) - arctg ( ) +c
4 Bx+4)2+3V3x+4+4 2-V15 V15
Vvx+1=v
Vx +1 x+1=v?
16. [x € (—=1;0) U (0; )] f dx = =2 -1 =fv2_1-2vdv=
dx =2vdv
_f 21?2 q _fZ[(v2—1)+1] _fZ(vZ—l) +f 2[1] dp =
) -1 V= v2—1 V= 2 -1 v2—1 V=

=Zfdwf(v+1)2(v—1) dv=2v+f<vi1_vi1

) ar-

_, +f 1 1 dv = 2 +f wv-1)" @w+1) dv =
i v—1 wv+1 vE=ev v—1 v+1 V=
v_
=2v+Injv—1|—-Injv+1|+c=2v+1In |+c=
v+1
—1+vx+1
=2Vx+1+In|———|+¢
+vVx+1

Brno 2019 RNDr. Rudolf Schwarz, CSc.



FAST - Mat 2: Integrace iraciondlnich funkci str. 21 z

x =2z (vizpt.3)
1 1 x=z°
17. [x € (0; o0)] fmdx:fx%+x§ dx = dx = 625 dz =
1
X6 =z

1 . 62z° 6z3 - [(z2 +1) — 1]
=f1—5-6z dzzf 3 5dzzf 3 > dz =
(z°)2 + (2°)¢ e 2

dz=6fdz—6

1 1
= 6x6 — 6arctgxs +c =6-3/x —6arctg/x + ¢

_J‘6(zz+1) q
B 1+ z2 z

18. [x € (0; 00)] jx_l dx_f— dx+J— dx—jx%dx—Jx_%dx=

u' =
2Vx2+1

1
u=(x2+1)2 v =1
19.a) [x € R] j\/x2+1 dx = ( , ) =
X
v

x? x2+1)—1
=x-vVx2+ —f dx =x-vVx2+1-— de=

x2+1 x2+1

=x-Vx?+1-

(x? +1) f l
Nl W

= J-\/de—x \/T—f\/rdx+f

2[Vx2+1dx=x-Vx2+1+7
f\/x2+1dx=§-\/x2+1+%-7

W

jJde——J*%m(H 241)+c
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Vypocet integralu =|Vx?+1=w—x

1
o[
x2+1

x2+1=w?—2xw + x?

2xw =w? —1

B w2 —1
= 2w
_ 2w2w-(w?-1)-2
dx = aw)? dw
w? +1
dx = w2 dw
B 1 w?+1 B 1 w? +1 B
= f —w . 52 dw = f D) N dw =
w 2w 2w

2w w?+1 1
=,]-2W2—W2+1' o dw=fwdw=ln|w|+c=ln|x+\/x>2|x-:-1|+c=

~—_—
>0

=ln(x+ x2+1)+c

x2+1=u—x
x2+1=u?-2xu+x?

2xu=u®—-1

2 — u? -1 —
19.b) [x € R] x“+1dx = x = =
2u
_ 2u2u—(u?-1)-2
dx——(Zu)2 du
2w?+1)
X=—
2 - 2u?
_J‘ u? -1 u2+1d _quZ—(uZ—l) u2+1d B
N u 2u 2u? U= 2u 2u? =
_fu2+1 u2+1d _fu4+2u2+1d _f u+ 1 N 1 dy =
=) 2w 2wz T 43 B AV TRE R

—1fd+1f1d+1f‘3d—1u+11 +1u +c=
=g wdutg [ odutgjurdu= ot o+ —+c=

2

1
:§+E'IH|U|—W+C:
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(x+V7¥F1) 1

= - +§-1n|x+\/x2—+1|— ! _tc=
>Ix] 8(x+\/x2+1)
>0
2 2
=11n(x+ x2+1)+(x+ x2+1) — ! '(x— x2+1) +c=
2 8 8(x+V?F1) (x—Va?¥1)
2 2
T s S S
? 8 8(x + Va2 1) (x —vaZF1)|
VEF) VETEI)
=%ln(x+ x2+1)+(x+ );-I- ) — (x— T )2+c=
8[x? —(x?+1)]

2

(x V%7 1) = (x =32 +1)
8

=%ln(x+ x2+1)+ +c=

In(x+VaZ+1) 22+ 2xVaZ + 1+ (% + 1) = [x2 = 2xVaZ + 1+ (6% + 1)
= + +c =
2 8

4xNx2+1 1
+ =+

=%ln(x+ x2+1) 3 c=zln(x+ x2+1)+;- x2+1+4+¢

x=tgt . < \%&
1 smt=m 7&

dx = dt

" cos?t
19.¢) [x € R] j\/xz +1dx =

arctgx =t t

tE(—E;E)
2’ 2

—f\/t2t+1 1 dt—f Sinzt+1 ! dt =
N & cos? t N cos? t cos?t N

sint +cos?t 1 1 1 1 1
= > —— dt = > —— dt = o dt =
cos“t cos*t cos“t cos‘t | cost| cos“t

Brno 2019 RNDr. Rudolf Schwarz, CSc.



FAST - Mat 2: Integrace iraciondlnich funkci

tE..

J‘ 1 1 cost
") cost cos®t cost

cost>0

sint=w
cost

cost cost
dt=f—2dt=f—2dt
(cos? t) (1 — sin? t)

str. 24 z

dw =

_|costdt = dw _f

1
dt = —— dw
cost

(1 —w?)?

1 1
L[
cost (1—w?)

dw =

- f (w2 i 1)2

= e

dw —f !
S wrnw-P

D
dW+f—dW+fm dw =

1=Aw+ 1w —-1D2+Bw—-1?+Cw+ 1)?w—1) + D(w + 1)?
w=1:1=4D D=%
w=—1:1=4B B=1

w3:0=A+C A=—C
w=0:0=A+B—-C+D
O=A+-+A+1 A=12
4 4 4
c==
4
1
4
= d dw =
W+1 f(w+1)2 W W—1 f(w—l)2 v
= (W+1)d+j+1d J(_l)d+j )2 dw =
_4 w+ 1 W+ 1™ dw = w=1)""dw
TR U0 B 1+1 W=D -
—4n|w | 2 1 In |w | 1 c=
_1 |wt 1 1 1 wHl] w-D+wtD)
"2 Mwo1| aw+) aw-1 "2 Yw-1| sw+Dw-1
_11 w+1 2w 4 _11 w+1 w b=
T2 Mwot| T awr - T T wo1| 2w " 7
1 |sint+1 i 1 |7==+1 >
sint sint
:—ln Sint_l — — +C:_ln xi _ x2+12 _I_C:
2(sin“t—1) Nrorei 2[( gzc )_1]
x“+1
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X
1 |x+vVx2+1 Vx2+1 Ny
= —In : — 2t _tc=
Vx?+1  x—+vVx?+1 2[;‘1_1]
x2+
X
_ 1 |rtveE4l N
—Vx2+1 x2—(x?+1)
x x +- 2[ x2+1 ]
1l x+Vx2+1 x+Vx2+1 x x2+1+
= —I|n . — . Cc =
x—Vx2+1 x+Vx2+1| Vx2+1 —2
2 2
1 (x+\/x2+1) X 1 (x+\/x2+1) X
=] Z. 1+c =1 = 1+c =
n 22— (22 1) +2 x*+ 1+c 4n 1] +2 x*+ 1+c

1 X
— . 2 . 2
=3 1n(x+ x+1)+2 x2+1+4c

x==-(e¥—e™?)

19.d) [x € R] f\/x2+1dx=

dx -(e¥+e7Y) dy

Nlr—\ Nlr—\
|

—f l-(ey—e‘y)2+1-1-(ey+e‘3’)d =

1 1
=f\/4 (e?y —2eYe~ 3’+e‘23’+4) (e +eV)dy =

e0=1

=f\/%-(e2y+2+e‘23’)'

_f 1-(ey+e‘3’)2-1-(e3’+e‘3’)d —lf(ey+e‘y)2d =
IE 2 Y= % Y=

(¥ +eV)dy =

N| =

_1f 2o teydy = (S oyt S )b =
=7/ e Ndy =25 +2y+—|+tc=

Jestlize: X = % -(e¥—e™) pak: y=1In (x +Vx? + 1) , protoze:
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ln(x+\/x2+1) - ln(x+\/x2 +1)
e e

_ _1 [1n(x+\/x2+1) - ln(9c+\/x2+1)_1 _
x = =5 e e =

2
——-<x+ x2+1—;)—
x+m
1 1 x—Vx2+1
=--|lx+Vx2+1-— : =
2 x+Vx2+1 x—vVx2+1
1 [ 21 x—vVx2+1 1 21 x—Vx?+1 _
—E'X‘l‘ x< + —m—E'X-F x“ + —_—1 =X
1 _ezln(x+\/m) e—21n(x+Vx2+1)
=7 f+21n(x+ x2+1)+ = +c=
1 21 1
=§-(x+ x2+1) +E-ln(x+ x2+1)+ s +c=
—8-(x+\/x2+1)
2
2 1 (x—\/x2+1)
=—-(x+ x2+1)— 5 5|+
(x+Vx2+1) (x—\/x2+1)
1
+§-ln(x+ x2+1)+c=
(x= V75 1)
1 2 x—vVxc+1
= A(x+Vx2+1) - o+t5 m(x+Vx2+1)+c=
8 [x2 — (x2 + 1)] 2

1 x?—=2x-Vx2+1+(x%?+1
= |x24+2x-Vx2+1+x*+1) - 1?2 ( )+

+%-ln(x+ x2+1)+c=

= 1-4x-\/x2+1+1-ln(x+\/x2+1)+c=

8 2
=g-\/x2+1+%-ln(x+ x2+1)+c
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19.e) [x € R] fmdx= VaZ+1=xw+1

- x2+1=x*w?+2xw+1
0 =x2w? + 2xw — x?2
0=x-(x-w?+2w—x)
0=(x-w?+2w—x)

—2w =x(-w? — 1)

_ —2w
x= w2 —1
_ —2w?-1)-(-2w)2w
dx = 1) dw
2w? + 2
dx =

w7

f(—Zw > 2w? + 2 f—2w2+(w2—1) 2w? + 2
= w w = :

w2 —1 (w2 —1)? w2 —1 (w? —1)? =
(—w?-1)-2w? +2) =2w* = 2w? —2w? -2
(w®—-1) [(w+ Dw—1)]
B f A N B N C N D N E N F dw =
“)wrt T wr D2 T w1 w1 w=12  w-13| T
—2wt —4w? -2 =
=Aw+1)?(w-1)3+Bw+1)(w-1)3+C(w-1)3+D(w+1)3(Ww—1)?+E(Ww+1)3(Ww—1)+F(w+1)3
w=1: -8=8F F=-1
w=-1: —-8=-8C ¢=1
wd 0=A+D —A=D (D
w=0: -2=—-A-B-C+D—-E+F
0=—-B+2D-E 2
w=2: —=50=94A+3B+C+ 27D + 27E + 27F
—24=+4+3B + 18D + 27E 3)
w=-2: —=50=-27A+27B—-27C—-9D +3E —F
—24 =+27B + 18D + 3E 4
Rovnice (2); (3) a (4) reSime Gaussovou elimina¢ni metodou (sloupce B; D; E):
1 -2 1 0 |(=3)(-27) |1 -2 1 0 1 -2 1 0
3 18 27| -24| | | ~|[0 24 24 | -24((-3)~|0 24 24 |-24
27 18 3 |24 \) 0 72 —=24|-24| | 0 0 -96| 48
a dostavame: E=_—1; D=_—1; B=_—1; Azl. Tedy:
2 2 2 2
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1 -1 1 -1 -1 1
2 2 2 2 —
= + + + + + dw =
f + w+1?2 w+1)32 w—-1 Ww-1)2 Ww-1)3 v

=1f(w;1),dw—lf(w+1)_2 dw |[w+1=u| +J-(w+1)_3 dw —
2 w+1 2

J-(W_l) W—%j(w—l)‘zdw lw—1=v| _J-(W—l)‘3dwz

1 x
=...=§-ln(x+ x2+1)+§- x2+1+c f

1 1
20. [XE(O;l)U(l;OO)] f%/}-ﬂ——\/y)dx:fl—hldx:

Yx=y (vizpt3)
[ o amory |
= ﬁdx: dx =6 Sd = 1 56y5dy:
X3 — X6 16 y (y6)§ _ (y6)g
X6 =1y
B (-6l -1 +1]
fy —y° dy = f —y? (y —1) dy = f y3—1
[ —6(y® — ) —6[1] B
_f y3—-1 f(y—l)(y2+y+1) W=

—6fd+jA d+j By+C =
- YTy YT yrayr1 U7

—-6=A0*+y+1)+By+0O)(y—-1)
y=1: —6=34+0
y=0: —6=A4—C
y2: 0=A+B

= -6 f dy + j d j 2y +4 =
y y+ yZ+y+1 dy =
% Tento vysledek (za pouZiti funkce logarc) dava webova stranka

http://um.mendelu.cz/maw-html/index.php?lang=cs&ftorm=integral&tunction=
sqrt(x”2%2B1)

Il
[
)

OO
Il
N
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(y—1) Cy+1)+3
=—6y—2 d — d
Y jy—l y+ yi+y+1
6y —2Inly — 1|+ [ 2D 4 +j & d
= — —21n — _— =
Y Y yty+1 Y24y 4+ g
2+y+1) 3
=—6y—In(y — 1)? + %dy+f = =
(v+3) +3
3
y+-=[-u V3
= z2 N# ——6y—1n(y—1)2+1n(y2+y+1)+J3 —3 5 du=
dyzgdu Pe
2+y+1 3 V3
2
y2+y+1 4 x/§f 1
= — nzZ—2 "~ 4+ ~.3.=2 —
6y + In =1 +3 3 > | 172 du
2
y-+y+1
=—6y+ln—+2-\/§-arctgu+c=
(v —1)?
2
y-+y+1 2y +1
=—6y+ln—+2-\/§-arct +c=
-1 e
6
Va2 +§x+1 2-Yx+1
=—6-Yx+1In \/_2 +2-\/§-arctgL+c
(%% -1) V3
21. [x€(0; 1)U (1; )] J ! d j ! d
. [x ; ; ———— dx= | ——— dx =
o ) i

Yx=z (vizpt.3)

f LI o S S
- 5 T dx =625 dz :[ 1 2z =
6 (26)7 — (26)

olun

Xz —x
1
X6 =2z
_J‘ 62° q _f 623 - 22 q _f—6-[(zz—1)+1] =
) 723 =25 Z= —z3-(z%2-1) Z= z2—1 Z=
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B —6(z2-1) —6[1] B -6
_,[—22—1 dz+‘[ZZ_1 dz——6jdz+j(z+1)(z_1)d

3 3 (z+1) z-1)
=—6z+f dz—f—dz=3f dz—3f dz — 6z =
z+1 z—1 z+1 z—1
z+1 6
=3In|z+1|-3In|z—1| - 6x6+c—3an 1—6-\/§=
+ x
=3In —6-Yx+c
B
x+3
22. [x € (0; )] dx—f— dx+f—dx—fx2dx+3fx 2dx =
3 1
X2 X2 2
:T+3'T_§'\/X3+6 \/}+C
2 2
x+2
23. [x € (0; )] dx—f—dx+f—dx—fx2dx+2fx 2dx =
5 1
X 2 X2
=?+2'T=§'\/x5+4 \/§+C
2 2
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Vx2+1=w—x
X% +1=w?—2xw + x?

2xw =w? —1

25. [x € R] f L4 w1
. X ——— X = X = =
VxZ +1 2w
_ 2w2w-(w?-1)-2
dx = aw)? dw
w? +1
dx = 2 dw
B 1 w?+1 B 1 w? +1 B
_f — . 52 dw—f D) o dw =
w 2w 2w
2w w?+1 1
=IZW2—W2+1. w2 dw=j;dw=ln|w|+c=

=ln|x+\/x2+1|+c=ln(x+ x2+1)+c

>|x|
N ——————

>0
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