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Neurčitý integrál
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1. Najděte neurčitý integrál න sin 𝑥 cos 𝑥 d𝑥 𝐷(𝑓) = ℝ
Zde je několik způsobů řešenı́:

1.1. Substituce tg 𝑥
2 = 𝑡

V pravoúhlém trojúhelnı́ku pro úhel 𝑥
2 je: tg 𝑥

2 =
𝑡
1

Tı́m máme stanoveny velikosti obou odvěsen.
Velikost přepony určı́me podle Pythagorovy věty.

����������������

1

𝑡

𝑥/2

√1 +
𝑡2

නsin 𝑥 cos 𝑥 d𝑥 =

tg 𝑥
2 = 𝑡 𝑥 = 2 arctg 𝑡 ¹

𝛼 = 𝑥
2 d𝑥 = 2

1 + 𝑡2 d𝑡 ൥ 1
cos2 𝑥

2
⋅ 12 = 𝑡′ = d𝑡

d𝑥൩

sin 2𝛼 = 2 sin𝛼 cos𝛼 sin 𝑥 = 2 𝑡
√1 + 𝑡2

⋅ 1
√1 + 𝑡2

= 2 𝑡
1 + 𝑡2

cos2𝛼 = cos2𝛼 − sin2𝛼 cos 𝑥 = ቆ 1
√1 + 𝑡2

ቇ
2
− ቆ 𝑡

√1 + 𝑡2
ቇ
2
= 1 − 𝑡2
1 + 𝑡2

= න 2 𝑡
1 + 𝑡2 ⋅

1 − 𝑡2
1 + 𝑡2 ⋅

2
1 + 𝑡2 d𝑡 = න ቈ𝐴 𝑡 + 𝐵

1 + 𝑡2 + 𝐶 𝑡 + 𝐷
(1 + 𝑡2)2 +

𝐸 𝑡 + 𝐹
(1 + 𝑡2)3 ቉ d𝑡 =

2𝑡 ⋅ (1 − 𝑡2) ⋅ 2 = (𝐴𝑡 + 𝐵) ⋅ (1 + 𝑡2)2 + (𝐶𝑡 + 𝐷) ⋅ (1 + 𝑡2) + 𝐸𝑡 + 𝐹
4𝑡 − 4𝑡3 = (𝐴𝑡 + 𝐵) ⋅ (1 + 2𝑡2 + 𝑡4) + (𝐶𝑡 + 𝐷) ⋅ (1 + 𝑡2) + 𝐸𝑡 + 𝐹

𝑡5 ∶ 0 = 𝐴
𝑡4 ∶ 0 = 𝐵
𝑡3 ∶ −4 = 2𝐴 + 𝐶

𝐴=0
⟹ 𝐶 = −4

𝑡2 ∶ 0 = 2𝐵 + 𝐷
𝐵=0
⟹ 𝐷 = 0

𝑡 ∶ 4 = 𝐴 + 𝐶 + 𝐸
𝐴=0;𝐶=−4

⟹ 𝐸 = 8
𝑡 = 0 ∶ 0 = 𝐵 + 𝐷 + 𝐹

𝐵=0;𝐷=0
⟹ 𝐹 = 0

= න −2
(1 + 𝑡2)2 2𝑡 d𝑡 + න 4

(1 + 𝑡2)3 2𝑡 d𝑡 =
𝑦 = 1 + 𝑡2

d𝑦 = 2𝑡 d𝑡 =

¹ Pokud tg 𝑥
2 = 𝑡 a požadujeme vyjádřit 𝑥 (v závislosti na 𝑡),

tak funkce tg 𝑥
2 nenı́ prostá na celém svém deϐiničnı́m oboru.

Proto k nı́ neexistuje inverznı́ funkce. Pro každý „kousek“
je inverznı́ funkce jiná (viz pravý sloupec), ale derivace
d𝑥
d𝑡 = 2

1 + 𝑡2 je stejná pro libovolné 𝑥 (∀𝑥) .

𝑥
2 ∈ (−3π2 ; −π2 ) ∶

𝑥
2 = arctg 𝑡 − π

𝑥
2 ∈ (−π2 ;

π
2 ) ∶

𝑥
2 = arctg 𝑡

𝑥
2 ∈ (π2 ;

3π
2 ) ∶

𝑥
2 = arctg 𝑡 + π

atd.
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= න −2
𝑦2 d𝑦 + න 4

𝑦3 d𝑦 = න−2𝑦−2 d𝑦 + න4𝑦−3 d𝑦 = −2𝑦
−1

−1 + 4𝑦
−2

−2 + 𝑐1 =

= 2
𝑦−

2
𝑦2+𝑐1 =

2𝑦 − 2
𝑦2 +𝑐1 =

2(1 + 𝑡2) − 2
(1 + 𝑡2)2 +𝑐1 =

2𝑡2
(1 + 𝑡2)2+𝑐1 =

2 tg 2 𝑥2
ቀ1 + tg 2 𝑥2ቁ

2+𝑐1 =

=
2 sin2 𝑥

2
cos2 𝑥

2

ቆ1 + sin2 𝑥
2

cos2 𝑥
2
ቇ
2 + 𝑐1 = 2

sin2 𝑥
2

cos2 𝑥
2
⋅ ⎛⎜

⎝

cos2 𝑥
2

cos2 𝑥
2 + sin2 𝑥

2ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
1

⎞
⎟

⎠

2

+ 𝑐1 = 2 sin2 𝑥2 ⋅ cos
2 𝑥
2 + 𝑐1 =

= 1
2 ൬4 sin

2 𝑥
2 ⋅ cos

2 𝑥
2൰ + 𝑐1 =

1
2 ൬2 sin

𝑥
2 ⋅ cos

𝑥
2൰

2
+ 𝑐1 =

1
2 sin2 𝑥 + 𝑐1

1.2. Substituce tg 𝑥 = 𝑡

V pravoúhlém trojúhelnı́ku pro úhel 𝑥 je: tg 𝑥 = 𝑡
1

Tı́m máme stanoveny velikosti obou odvěsen.
Velikost přepony určı́me podle Pythagorovy věty.

����������������

1

𝑡

𝑥

√1 +
𝑡2

න sin 𝑥 cos 𝑥 d𝑥 =
ተ

ተ

𝑡 = tg 𝑥

d𝑡 = 1
cos2 𝑥 d𝑥 sin 𝑥 = 𝑡

√1 + 𝑡2

d𝑥 = 1
1 + 𝑡2 d𝑡 cos 𝑥 = 1

√1 + 𝑡2

ተ

ተ
= න 𝑡

√1 + 𝑡2
⋅ 1
√1 + 𝑡2

⋅ 1
1 + 𝑡2 d𝑡 =

= න 𝑡
(1 + 𝑡2)2 d𝑡 =

1 + 𝑡2 = 𝑧
2𝑡 d𝑡 = d𝑧

d𝑡 = 1
2𝑡 d𝑧

= න 𝑡
𝑧2 ⋅

1
2𝑡 d𝑧 =

1
2 න𝑧−2 d𝑧 = 1

2 ⋅
𝑧−1
−1 + 𝑐2 =

= − 1
2𝑧 + 𝑐2 = − 1

2(1 + 𝑡2) + 𝑐2 = − 1
2(1 + tg 2𝑥) + 𝑐2 = − 1

2 ൬1 + sin2 𝑥
cos2 𝑥൰

+ 𝑐2 =

= − cos2 𝑥
2( cos2 𝑥 + sin2 𝑥ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

1
)
+ 𝑐2 = ቤ𝑐2 =

1
2 + 𝑐1ቤ = −12 cos2 𝑥 + 1

2 ⋅ 1 + 𝑐1 =

= −12 cos2 𝑥 + 1
2 ⋅ (sin

2 𝑥 + cos2 𝑥) + 𝑐1 =
1
2 sin2 𝑥 + 𝑐1
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1.3. Metoda per partes

න sin 𝑥 cos 𝑥 d𝑥 =
𝑢 = sin 𝑥 𝑣′ = cos 𝑥
𝑢′ = cos 𝑥 𝑣 = sin 𝑥 = sin 𝑥 sin 𝑥 − න cos 𝑥 sin 𝑥 d𝑥

∫ sin 𝑥 cos 𝑥 d𝑥 = sin 𝑥 sin 𝑥 − ∫ sin 𝑥 cos 𝑥 d𝑥

2∫ sin 𝑥 cos 𝑥 d𝑥 = sin2 𝑥

∫ sin 𝑥 cos 𝑥 d𝑥 = 1
2 sin

2 𝑥 + 𝑐3 = |𝑐3 = 𝑐1| = 1
2 sin

2 𝑥 + 𝑐1

1.4. Substituce sin 𝑥 = 𝑦

න sin 𝑥 cos 𝑥 d𝑥 = න sin 𝑥 ⋅ cos 𝑥 d𝑥 =
sin 𝑥 = 𝑦

cos 𝑥 d𝑥 = d𝑦 = න𝑦 d𝑦 = 𝑦2
2 + 𝑐4 =

= sin2 𝑥
2 + 𝑐4 = |𝑐4 = 𝑐1| = 1

2 sin2 𝑥 + 𝑐1

1.5. Substituce cos 𝑥 = 𝑤

න sin 𝑥 cos 𝑥 d𝑥 = −න cos 𝑥 ⋅ (− sin 𝑥) d𝑥 =
cos 𝑥 = 𝑤

− sin 𝑥 d𝑥 = d𝑤 = −න𝑤 d𝑤 =

= −𝑤
2

2 + 𝑐5 = −cos2 𝑥
2 + 𝑐5 = ቤ𝑐5 =

1
2 + 𝑐1ቤ = −cos2 𝑥

2 + 1
2 + 𝑐1 =

= −cos2 𝑥
2 + sin2 𝑥 + cos2 𝑥

2 + 𝑐1 =
1
2 sin2 𝑥 + 𝑐1

1.6. Pomocí vzorce sin 2𝛼 = 2 sin𝛼 cos𝛼

න sin 𝑥 cos 𝑥 d𝑥 = 1
2 න2 sin 𝑥 cos 𝑥 d𝑥 = 1

2 න sin 2𝑥 d𝑥 =
2𝑥 = 𝑧

2d𝑥 = d𝑧
d𝑥 = 1

2 d𝑧
=

= 1
2 න sin 𝑧 ⋅ 12 d𝑧 = −14 cos 𝑧 + 𝑐6 = −14 cos2𝑥 + 𝑐6 = −14(cos

2 𝑥 − sin2 𝑥) + 𝑐6 =

= ቤ𝑐6 =
1
4 + 𝑐1ቤ = −14(cos

2 𝑥 − sin2 𝑥) + 1
4(sin

2 𝑥 + cos2 𝑥) + 𝑐1 =
1
2 sin2 𝑥 + 𝑐1
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Další příklady na integrování goniometrických funkcí

2. [𝑥 ≠ (2𝑘 + 1)π] න 1 + sin 𝑥
1 + cos 𝑥 d𝑥 = න 1 + sin 𝑥

ቀsin2 𝑥
2 + cos2 𝑥

2ቁ + cos2𝑥2
d𝑥 =

= න 1 + sin 𝑥
sin2 𝑥

2 + cos2 𝑥
2 + cos2 𝑥

2 − sin2 𝑥
2

d𝑥 = න 1 + sin 𝑥
2 cos2 𝑥

2
d𝑥 =

= 1
2 න

1
cos2 𝑥

2
d𝑥 + 1

2 න
sin 2𝑥2
cos2 𝑥

2
d𝑥 =

𝑥
2 =𝑤
𝑥 = 2𝑤

𝑑𝑥 = 2 d𝑤
=

= 1
2 න

2
cos2𝑤 d𝑤 + 1

2 න
2 sin 2𝑤
cos2𝑤 d𝑤 =

= න 1
cos2𝑤 d𝑤 +න 2 sin𝑤 cos𝑤

cos2𝑤 d𝑤 = tg𝑤 + 2න sin𝑤
cos𝑤 d𝑤 =

= tg 𝑥2 − 2න − sin𝑤
cos𝑤 d𝑤 = tg 𝑥2 − 2න (cos𝑤)′

cos𝑤 d𝑤 = tg 𝑥2 − 2 ln | cos𝑤| + 𝑐 =

= tg 𝑥2 − ln ൬cos 𝑥2൰
2
+ 𝑐

3. [𝑥 ∈ ℝ] න cos5 𝑥 ⋅ sin2 𝑥 d𝑥 = න(cos2 𝑥)2 ⋅ cos 𝑥 ⋅ sin2 𝑥 d𝑥 =

= න൫1 − sin2 𝑥൯
2
⋅ sin2 𝑥 ⋅ cos 𝑥 d𝑥 = sin 𝑥 = 𝑦

cos 𝑥 d𝑥 = d𝑦 = න൫1 − 𝑦2൯2 𝑦2 d𝑦 =

= න(1 − 2𝑦2 + 𝑦4) ⋅ 𝑦2 d𝑦 = න(𝑦2 − 2𝑦4 + 𝑦6) d𝑦 = 𝑦3
3 − 2𝑦

5

5 + 𝑦7
7 + 𝑐 =

= 1
3 sin3 𝑥 − 2

5 sin5 𝑥 + 1
7 sin7 𝑥 + 𝑐

4. [𝑥 ∈ ℝ] න sin3 𝑥
1 + cos2 𝑥 d𝑥 = න (− sin2 𝑥) ⋅ (− sin 𝑥)

1 + cos2 𝑥 d𝑥 =

= න (cos2 𝑥 − 1)
1 + cos2 𝑥 (− sin 𝑥) d𝑥 = cos 𝑥 = 𝑦

− sin 𝑥 d𝑥 = d𝑦 = න 𝑦2 − 1
𝑦2 + 1 d𝑦 =

= න (𝑦2 + 1) − 2
𝑦2 + 1 d𝑦 = න d𝑦 − 2න 1

𝑦2 + 1 d𝑦 =

= 𝑦 − 2 arctg𝑦 + 𝑐 = cos 𝑥 − 2 arctg (cos 𝑥) + 𝑐
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5. [𝑥 ≠ arctg −1
2 + 𝑘π] ² න sin 𝑥 + 2 cos 𝑥

cos 𝑥 + 2 sin 𝑥 d𝑥 =
tg 𝑥 = 𝑢 sin 𝑥 = 𝑢

√𝑢2+1

d𝑥 = 1
1+𝑢2 d𝑢 cos 𝑥 = 1

√𝑢2+1

³ =

= න
𝑢

√𝑢2+1 +
2

√𝑢2+1
1

√𝑢2+1 +
2𝑢

√𝑢2+1

⋅ 1
1 + 𝑢2 d𝑢 = න 𝑢 + 2

1 + 2𝑢 ⋅ 1
1 + 𝑢2 d𝑢 =

=

ተ

ተ

ተ

𝑢 + 2
(1 + 2𝑢)(1 + 𝑢2) =

𝐴
1 + 2𝑢 + 𝐵𝑢 + 𝐶

1 + 𝑢2

𝑢 + 2 = 𝐴(1 + 𝑢2) + (𝐵𝑢 + 𝐶)(1 + 2𝑢)
𝑢 = −1

2 ∶
3
2 =

5
4𝐴 𝐴 = 6

5

𝑢 = 0 ∶ 2 = 𝐴 + 𝐶 𝐶 = 4
5

𝑢2 ∶ 0 = 𝐴 + 2𝐵 𝐵 = −3
5

ተ

ተ

ተ

=

= නቌ
6
5

1 + 2𝑢 +
−3
5𝑢 +

4
5

1 + 𝑢2 ቍ d𝑢 =

= 3
5 න

2
1 + 2𝑢 d𝑢 − 3

10 න
2𝑢

1 + 𝑢2 d𝑢 + 4
5 න

1
1 + 𝑢2 d𝑢 =

= 3
5 න

(1 + 2𝑢)′
1 + 2𝑢 d𝑢 − 3

10 න
(1 + 𝑢2)′
1 + 𝑢2 d𝑢 + 4

5 arctg𝑢 =

= 3
5 ln |1 + 2𝑢| − 3

10 ln(1 + 𝑢2) + 4
5 arctg ( tg 𝑥) + 𝑐 =

= 3
10 ln (1 + 2 tg 𝑥)2

1 + tg 2𝑥 + 4
5𝑥 + 𝑐

6. [𝑥 ∈ ℝ] න 1
1 + 3 cos2 𝑥 d𝑥 = | tg 𝑥 = 𝑣 | ⁴ = න 1

1 + 3
𝑣2+1

⋅ 1
1 + 𝑣2 d𝑣 =

= න 𝑣2 + 1
(𝑣2 + 1) + 3 ⋅

1
1 + 𝑣2 d𝑣 = න 1

𝑣2 + 4 d𝑣 = 𝑣 = √4𝑤
d𝑣 = 2 d𝑤

= න 1
4𝑤2 + 4 2d𝑤 =

= න 2
4(𝑤2 + 1) d𝑤 = 1

2 arctg𝑤 + 𝑐 = 1
2 arctg 𝑣2 + 𝑐 = 1

2 arctg ൬ tg 𝑥
2 ൰ + 𝑐

² Deϐiničnı́ obor: cos𝑥 + 2 sin𝑥 ≠ 0
2 sin𝑥 ≠ − cos𝑥

sin𝑥
cos𝑥 ≠ −1

2

tg𝑥 ≠ −1
2

³ Viz přı́klad 1.2.
⁴ Viz přı́klad 5.
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7. [𝑥 ∈ ℝ] න cos4 𝑥 ⋅ sin3 𝑥 d𝑥 = න cos4 𝑥 ⋅ (− sin2 𝑥) ⋅ (− sin 𝑥) d𝑥 =

= න cos4 𝑥 ⋅ (cos2 𝑥 − 1) ⋅ (− sin 𝑥) d𝑥 = cos 𝑥 = 𝑦
− sin 𝑥 d𝑥 = d𝑦 = න𝑦4(𝑦2 − 1) d𝑦 =

= න(𝑦6 − 𝑦4) d𝑦 = 𝑦7
7 − 𝑦5

5 + 𝑐 = 1
7 cos7 𝑥 − 1

5 cos5 𝑥 + 𝑐

8. [𝑥 ∈ ℝ] න cos2 𝑥 ⋅ sin2 𝑥 d𝑥 =
cos2 𝑥 = 1+cos2𝑥

2

sin2 𝑥 = 1−cos2𝑥
2

=
1 = sin2 𝑥 + cos2 𝑥

cos2𝑥 = cos2 𝑥 − sin2 𝑥
1 + cos2𝑥 = 2 cos2 𝑥

=

= න 1 + cos2𝑥
2 ⋅ 1 − cos2𝑥

2 d𝑥 = න 1 − cos2 2𝑥
4 d𝑥 = න

1 − 1+cos4𝑥
2

4 d𝑥 =

= 1
4 නቆ2 − 1 − cos4𝑥

2 ቇ d𝑥 = 1
8 න(1 − cos4𝑥) d𝑥 =

4𝑥 = 𝑣
4d𝑥 = d𝑣

d𝑥 = 1
4 d𝑣

=

= 1
8 𝑥 −

1
8 න cos 𝑣 ⋅ 14 d𝑣 = 1

8 𝑥 −
1
32 sin 𝑣 + 𝑐 = 1

8 𝑥 −
1
32 sin 4𝑥 + 𝑐

9. [𝑥 ∈ ℝ] න sin3 𝑥 ⋅ cos2 𝑥 d𝑥 = න− sin2 𝑥 ⋅ (− sin 𝑥) ⋅ cos2 𝑥 d𝑥 =

= න−(1− cos2 𝑥) ⋅ cos2 𝑥 ⋅ (− sin 𝑥) d𝑥 =
cos 𝑥 = 𝑤

− sin 𝑥 d𝑥 = d𝑤 = න(𝑤2−1)𝑤2 d𝑤 =

= න𝑤4 d𝑤 −න𝑤2 d𝑤 = 𝑤5

5 − 𝑤3

3 + 𝑐 = 1
5 cos5 𝑥 − 1

3 cos3 𝑥 + 𝑐

10. [ pro 𝑥 ∈ ർ0 ; π2඀ ] න sin3 𝑥 ⋅ ඥ9 cos4 𝑥 sin2 𝑥 + 9 sin4 𝑥 cos2 𝑥 d𝑥 =

= න sin3 𝑥 ⋅
ඨ
9 sin2 𝑥 cos2 𝑥

1
ᇩᇭᇭᇭᇭᇪᇭᇭᇭᇭᇫ(cos2 𝑥 + sin2 𝑥) d𝑥 = න sin3 𝑥 ⋅ 3 sin 𝑥 ⋅ cos 𝑥 d𝑥 =

= 3න sin4 𝑥 ⋅ cos 𝑥 d𝑥 =
sin 𝑥 = 𝑣

cos 𝑥 d𝑥 = d𝑣 = 3න𝑣4 d𝑣 = 3𝑣
5

5 + 𝑐 = 3
5 sin5 𝑥 + 𝑐
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11. ቈ Deϐiničnı́m oborem
se nebudeme zabývat ቉ ⁵ න 1

sin2 𝑥 + 3 sin 𝑥 cos 𝑥 + 2 cos2 𝑥
d𝑥 =

=
tg 𝑥 = 𝑢 sin 𝑥 = 𝑢

√𝑢2+1

d𝑥 = 1
1+𝑢2 d𝑢 cos 𝑥 = 1

√𝑢2+1

(viz přı́klad 1.2.) =

= න 1
𝑢2

𝑢2+1 + 3 𝑢
√𝑢2+1

1
√𝑢2+1 + 2 1

𝑢2+1

⋅ 1
1 + 𝑢2 d𝑢 = න 𝑢2 + 1

𝑢2 + 3𝑢 + 2 ⋅
1

1 + 𝑢2 d𝑢 =

= න 1
(𝑢 + 1)(𝑢 + 2) d𝑢 = නቆ 1

𝑢 + 1 −
1

𝑢 + 2ቇ d𝑢 =

= නቆ(𝑢 + 1)′
𝑢 + 1 − (𝑢 + 2)′

𝑢 + 2 ቇ d𝑢 = ln(𝑢 + 1) − ln(𝑢 + 2) + 𝑐 = ln 𝑢 + 1
𝑢 + 2 + 𝑐 =

= ln tg 𝑥 + 1
tg 𝑥 + 2 + 𝑐

12. [𝑥 ∈ ℝ] න 2 − sin 𝑥
2 + cos 𝑥 d𝑥 = න 2

2 + cos 𝑥 d𝑥 + න − sin 𝑥
2 + cos 𝑥 d𝑥 =

= න 2
2 + cos 𝑥 d𝑥 + න (2 + cos 𝑥)′

2 + cos 𝑥 d𝑥 =
tg 𝑥

2 = 𝑡 sin 𝑥 = 2 𝑡
1+𝑡2

d𝑥 = 2d𝑡
1+𝑡2 cos 𝑥 = 1−𝑡2

1+𝑡2
⁶ =

= න 2
2 + 1−𝑡2

1+𝑡2
⋅ 2
1 + 𝑡2 d𝑡+ ln(2+cos 𝑥) = ln(2+cos 𝑥)+න 4

2 + 2𝑡2 + 1 − 𝑡2 d𝑡 =

= ln(2+cos 𝑥)+න 4
𝑡2 + 3 d𝑡 = 𝑡 = √3𝑣

d𝑡 = √3d𝑣 = ln(2+cos 𝑥)+න 4
3𝑣2 + 3 ⋅√3d𝑣 =

= ln(2 + cos 𝑥) + 4√3
3 න 1

𝑣2 + 1 d𝑣 = ln(2 + cos 𝑥) + 4√3
3 arctg 𝑣 + 𝑐 =

= ln(2 + cos 𝑥) + 4√3
3 arctg 𝑡

√3
+ 𝑐 = ln(2 + cos 𝑥) + 4√3

3 arctg
tg 𝑥

2
√3

+ 𝑐

⁵ Kořeny jmenovatele nepatřı́ do deϐiničnı́ho oboru. Prvnı́ odhad hodnoty nějakého kořene jmenovatele
provedeme graϐickou metodou. Ten potom zpřesnı́me napřı́klad metodou bisekce (půlenı́ intervalu)
a následně zohlednı́me periodicitu goniometrických funkcı́.

⁶ Viz přı́klad 1.1.
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13. ቈDeϐiničnı́m oborem
se nebudeme zabývat቉ ⁷ න 1 + 2 sin 𝑥

sin 𝑥 + 3 cos 𝑥 + 3 d𝑥 =

=
tg 𝑥

2 = 𝑡 sin 𝑥 = 2 𝑡
1+𝑡2

d𝑥 = 2d𝑡
1+𝑡2 cos 𝑥 = 1−𝑡2

1+𝑡2
⁸ = න

1 + 2 2 𝑡
1+𝑡2

2 𝑡
1+𝑡2 + 31−𝑡

2

1+𝑡2 + 3
⋅ 2
1 + 𝑡2 d𝑡 =

= න
1+𝑡2+4𝑡
1+𝑡2

2𝑡+3−3𝑡2+3+3𝑡2
1+𝑡2

⋅ 2
1 + 𝑡2 d𝑡 = න 𝑡2 + 4𝑡 + 1

1 + 𝑡2 ⋅ 1 + 𝑡2
2𝑡 + 6 ⋅

2
1 + 𝑡2 d𝑡 =

= න 𝑡2 + 4𝑡 + 1
2(𝑡 + 3) ⋅ 2

1 + 𝑡2 d𝑡 = නቆ 𝐴
𝑡 + 3 +

𝐵𝑡 + 𝐶
1 + 𝑡2 ቇ d𝑡 =

𝑡2 + 4𝑡 + 1 = 𝐴 ⋅ (1 + 𝑡2) + (𝐵𝑡 + 𝐶) ⋅ (𝑡 + 3)

𝑡 = −3 ∶ 9 − 12 + 1 = 𝐴 ⋅ (1 + 9) 𝐴 = −1
5

𝑡 = 0 ∶ 1 = 𝐴 + 3𝐶
𝐴
⟹ 𝐶 = 2

5

𝑡2 ∶ 1 = 𝐴 + 𝐵
𝐴
⟹ 𝐵= 6

5

= න
−1
5

𝑡 + 3 d𝑡+න
6
5𝑡 +

2
5

1 + 𝑡2 d𝑡 = −15 න
(𝑡 + 3)′
𝑡 + 3 d𝑡+35 න

2𝑡
1 + 𝑡2 d𝑡+25 න

1
1 + 𝑡2 d𝑡 =

= −15 ln |𝑡 + 3| + 3
5 ln(1 + 𝑡2) + 2

5 arctg 𝑡 + 𝑐 = 1
5 ln ൫1 + 𝑡2൯3

|𝑡 + 3| + 2
5 arctg 𝑡 + 𝑐 =

= 1
5 ln

ቀ1 + tg 2 𝑥2ቁ
3

ቚ3 + tg 𝑥
2 ቚ

+ 2
5 arctg ൬ tg 𝑥2൰ + 𝑐

14. [𝑥 ∈ ℝ] න sin3 𝑥 d𝑥 = න sin2 𝑥 ⋅ (sin 𝑥) d𝑥 = න(1 − cos2 𝑥) ⋅ (sin 𝑥) d𝑥 =

= න(cos2 𝑥 − 1) ⋅ (− sin 𝑥) d𝑥 =
cos 𝑥 = 𝑤

(− sin 𝑥) d𝑥 = d𝑤 = න(𝑤2 − 1) d𝑤 =

= 1
3𝑤

3 −𝑤 + 𝑐 = 1
3 cos3 𝑥 − cos 𝑥 + 𝑐

⁷ Viz poznámka 5.
⁸ Viz přı́klad 1.1.
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15. [𝑥 ≠ 𝑘π
2 ] න 1

sin4 𝑥 ⋅ cos4 𝑥
d𝑥 =

tg 𝑥 = 𝑢 sin 𝑥 = 𝑢
√𝑢2+1

d𝑥 = 1
𝑢2+1 d𝑢 cos 𝑥 = 1

√𝑢2+1

⁹ =

= න 1

ቀ 𝑢
√𝑢2+1ቁ

4
⋅ ቀ 1

√𝑢2+1ቁ
4 ⋅

1
𝑢2 + 1 d𝑢 = න (𝑢2 + 1)

4
2 ⋅ (𝑢2 + 1)

4
2

𝑢4 ⋅ 14 ⋅ (𝑢2 + 1) d𝑢 =

= න (𝑢2 + 1)3
𝑢4 d𝑢 = න 𝑢6 + 3𝑢4 + 3𝑢2 + 1

𝑢4 d𝑢 = න൫𝑢2 + 3 + 3𝑢−2 + 𝑢−4൯ d𝑢 =

= 1
3𝑢

3 + 3𝑢 + 3𝑢
−1

−1 + 𝑢−3
−3 + 𝑐 = 1

3 tg 3𝑥 + 3 tg 𝑥 − 3
tg 𝑥 −

1
3 tg 3𝑥 + 𝑐

⁹ Viz přı́klad 1.2.

Brno 2019 RNDr. Rudolf Schwarz, CSc.


