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Taylorav polynom

Tayloriiv rozvoj v bodé A = [xy, ..., 2] pro funkci vice (redlnych) proménnych (ktera
ma spojité parcialni derivace) vyjadirime pomoci totalnich diferenciali jako

df (xo, - 20) d2F (X, -, Zo) s d3F (xo, - r Z0)

Th(x,...,z) = f(xg, ., Z0) + 1 2! 3!

Taylorova rada se pouziva k polynomialni aproximaci funkci, protoZe plati, Ze vSechny
derivace Taylorova polynomu stupné n maji ve stredu rozvoje (v bodé A[xy, ..., Zp])
stejné funkcéni hodnoty jako odpovidajici derivace funkce f. Tato aproximace je na okoli

vvvvvv

plati, Ze se chyba se vzdalenosti od stredu zvySuje.
V pripadé, Ze ma Taylortv polynom stfed v poc¢atku, pak se oznacuje jako Maclaurintiv
polynom.

1. V okoli sttedu A = [1;—2] rozvinte do Taylorova mnohoclenu (nultého, prvého,
druhého, tretiho a ¢tvrtého stupné) funkci:

f(x,y) = 6xy? —2x3 — 3y3. [x ER; y € R]

f(1;,-2)=6-1-(-2)2-2-13-3-(-2)3=24—-2+24 =46
To(A) = 46

fe(1,=2)= 18 f, =6y*—6x”
fy(1;=2) = =60 f, = 12xy —9y*?

df(1;-2) =18 - (x — 1) =60 - (y + 2)
Ti(A) =46+ 18- (x — 1) — 60 - (y + 2)

fex(L;=2) = =12 fir = —12x
fxy(l; —2)=-24 fxy =12y
fyx(1; -2)=-24 fyx =12y
fry(L,=2)= 48 f,, =12x — 18y

2f(1;-2)=-12-(x—1) - (x—1)—24-(x—1)-(y+2) = 24-(y+2) - (x— 1) +
+48-(y+2)- (y+2)=—-12-(x—1)2—48- (x - D(y + 2) + 48 - (y + 2)?

T,(A) = 46 + 18.(x — 1) — 60.(y + 2) — 6.(x — 1)2 — 24.(x — 1).(y + 2) + 24.(y + 2)?
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frxx (L, =2) = =12
fxxy(l; -2) = 0

fxyx(l; —2) = 0
fxyy(l; —-2)= 12

fyxx(l; -2) = 0
fyxy(l; -2)= 12

fyyx(,=2) = 12
fyyy(1;,—2) = —18

frxx = —12
fxxy =0
fxyx =0
fxyy =12
fyxx =0
fyxy =12
fyyx =12
fyyy = —18

str. 3 z @

dBf(;-2)=-12-(x—-1)-(x—-1D-(x—1D+0+12-(x—1)-(v+2)-(y +2) +
+12-(y+2)- (x=1)-(y+2)+12-(y+2)- (y+2) - (x—1)—-18-(y+2)- (y+2)- (y+2) =
=—12-(x—1)3+36-(x—1)-(y +2)2—18- (y +2)3

T3(A) =46+18-(x—1)—60-(y+2)—6-(x—1)2=24-(x—-1)-(y+2) +

+24-(y+2)2-2-(x-1)3+6-(x—-1)-(y+2)2-3-(y+2)3

frxxx = fxxxy =0
fxxyx = fxxyy =0
fxyxx = fxyxy =0
fryyx = fxyyy =0

yxxx — fyxxy =0
fyxyx = fyxyy =0
fyyxx = fyyxy =0
fyyyx = Fyyyy =0
d4f(1; -2)=0

T,(A)=464+18-(x—1)—60-(y+2)—6-(x —1)2 —24-(x—1)- (y + 2) +

+24-(y+2)2—-2-(x—-1D3+6-(x—1)-(y+2)2-3-(y+23>+0 =T34

df(1;-2) =0

T3(A) = Ta(A) = Ts(A) = Te(4) = ...
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2.a) Vokolistfedu B = [5; 6] rozvinte do Taylorovy rady funkci

flx,y) =x3+y?—6xy—39x + 18y + 4. [x e R; y €R]

f(5;6)=53+62—6-5-6—39-5+18-6+4 =125+36—180—195+108+4 = —102

£.(56)=0 f, =3x%—6y—39
f,(5:6) =0 f, =2y—6x+18

df(5;6) =0-(x—5)+0-(y—6) =0

fex(5:6) = 30 fy = 6x

fxy(S; 6) = —6 fxy =—6
fyx(S; 6) =—6 fyx =—6
fyy(5:6) = 2 fyy= 2

d?f(56) =30-(x—5)- (x=5)—6-(x—5)-(y—6)—6-(y—6)-(x—5) +
+2-(y—6)-(y—6)=30(x—5)2%2—12(x = 5)(y — 6) + 2(y — 6)?

frexx(5;6) =6 fixx =6
fxxy(S; 6) =0 fxxy =0
fxyx(S; 6) =0 fxyx =0
fxyy(S; 6)=0 fxyy =0
fyxx(S; 6)=0 fyxx =0
fyxy(S; 6) =0 fyxy =0
fyyx(S; 6) =0 fyyx =0
fyyy(5:6) =0 f,,, =0

d3f(5;6)=6-(x—=5)-(x—5)-(x—5)+0+0+0+0+0+0+0=6(x—5)3

VSechny dalsi parcialni derivace jsou rovny nule,

d*f(5;6) = 0; d°f(5;6) = 0; d°f(5;6) = 0; d’f(5;6) =0; ... proto

df(5;6) d*f(5;6) d3f(5;6)
n T Yt T

=-102+15(x —5)2 = 6(x — 5)(y — 6) + (¥ — 6)2 + (x — 5)3

r(B)= f(56)+
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2.b) Vokolistredu C = [1; —2] rozviite do Taylorovy rady funkci

flx,y) =x3+y%—6xy—39x + 18y + 4. [x e R; y €R]

f(1;-2) = 134(=2)2—6-1-(—2)—39-1+18-(—2)+4 = 1+4+12-39-36+4 = —54

fe(1;-2) = =24 f, =3x%— 6y — 39
fy(1;=2)= 8 f,=2y—6x+18

df(1;,—=2)=—-24-(x—1)+8 - (y +2)

fix(L,=2) = 6 firx = 6x
fxy(l; -2)=-6 fxy =—6
fyx(l; -2)=-6 fyx =
fry(L,=2)= 2 f,, = 2

I
|
o)

d?f(;-2)=6-(x—1)-(x—-1)—-6-(x—-1)-y+2)—-6-(y+2)- (x—1)+
+2-(y+2)-(v+2)=6(x—1)2—12(x —5)(y +2) + 2(y + 2)?

frxx(1;=2) =6 fuxxy =6
fxxy(l; -2)=0 fxxy =0
fxyx(l; -2)=0 fxyx =0
fxyy(l; -2)=0 fxyy =0
fyxx(l; -2)=0 fyxx =0
fyxy(l; -2)=0 fyxy =0
fyyx(1; -2)=0 fyyx =0
fyyy(L,=2) =0 f,, =0

dBf(;,-2)=6-(x—-1) - (x—1) - (x—1)+0+0+0+0+0+0+0=6(x—1)3

VSechny dalsi parcialni derivace jsou rovny nule,

d4f(1; —-2)=0; d5f(1; —-2)=0; d6f(1; —-2)=0; d7f(1;—2) =0; ... proto

df(1;-2 d?f(1; -2 d3f(1; -2
"o = fz s YD EED D)

=—-54-24(x—-1D+8y+2)+3x—-1D?-6(x—Dy+2)+ (¥ +2)>+(x—-1)3
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2.c) Vokolistredu D = [1;2] rozvinte do Taylorovy rady funkci

flx,y) =x3+y%—6xy—39x + 18y + 4. [x e R; y €R]

f(1;2)=13422-6-1-2-39-1+18-2+4=1+4-12-39+36+4=—6

—48 f, =3x%>—6y — 39

fx(1;2)
2)= 16 f,=2y—6x+18

fy(li

df (1;2) = —48- (x — 1) + 16 - (y — 2)

d?f(2)=6-(x-1) - x-D=-6-(x-1)-(y-2)-6-(y—2)-(x—1D+
+2-(y=2)-(v+2)=6(x—1)2—12(x —5)(y — 2) + 2(y — 2)?

fexx(1;2) =6 fixx =6
fxxy(l; 2)=0 fxxy =0
fxyx(l; 2)=0 fxyx =0
fxyy(l; 2)=0 fxyy =0
fyxx(l; 2)=0 fyxx =0
fyxy(l; 2)=0 fyxy =0
fyyx(1; 2)=0 fyyx =0
fyyy(12) =0 f55, =0

dBf(;2)=6-(x—1)-(x—1)-(x—1)+0+0+0+0+0+0+0=6(x—1)3

VSechny dalsi parcialni derivace jsou rovny nule,

d*f(1;2) = 0; d°f(1;2) = 0; d°f(1;2) = 0; d’f(1;2) = 0; ... proto

df (1;2)  d*f(1;2) d3f(1;2)
n T Yt T

=—6—-48(x—1)+16(y—2)+3(x—-1D?-6(x—Dy—-2)+(y—-2)?+(x—1)3

r)= f(2)+
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3. Rozvinte do Maclaurinovy rady (= Tayloriiv rozvoj se stitedem v poc¢atku O = [0; 0])

funkci  f(x,y) =e**Y. [x€R; y € R] (viz poznamkd).
f(0;0) =e"0 =0 =1

fx(0; 0) =1 fx =XtV .1 = XtV
fy(OF 0)=1 fy =Xty .1 = Xty

df(0;0)=1-(x—-0)+1-(y—0) =x+y

fix(0;0) =1 fix = etV .1 ="t
fiy(0;0) =1 f,, =e**Y .1 ="
fyx(0;0) =1 f,, =e".1=¢e""Y
fyy(0;0) =1 f,, =Y .1=¢e""Y

d?f(0;0)=1-x-x+1-x-y+1-y-x+1-y-y=x>+2xy+y?=(x+y)>?

fexx(0;0) =1 fixx = eXty
fxxy(O; 0)=1 fxxy =e* ™Y
fxyx(O; 0)=1 fxyx =Xy
fxyy(O; 0)=1 feyy = eXty
fyxx(O; 0)=1 fyxx = e*tY
fyxy(O; 0)=1 fyxy = e*Y
fyyx(O; 0)=1 fyyx = X"
fryy(0;0) =1 fyy, =¥
d3f(0;0)=1-x-x-x+1-x-x-y+1-x-y-x+1-x-y-y+1-y-x-x+1-y-x-y+
+1-y-y-x+1-y-y-y=x3+3x%y+3xy* +y3 = (x +y)3

frexxx(0;0) =1 frsnx = e*ty
fxxxy(O; 0)=1 fxxxy = X"
fxxyx(O; 0)=1 fxxyx = e**Y
fxxyy(O; 0)=1 fexyy = e*ty
fxyxx(O; 0)=1 fxyxx = Xty
fxyxy(O; 0)=1 fxyxy e
fxyyx(O; 0)=1 fxyyx =XV
feyyy(0;0) =1 fr), =™
fyxxx(O; 0)=1 fyxxx eXty
fyxxy(O; 0)=1 fyxxy = e*Y
fyxyx(O; 0)=1 fyxyx = e*tY

fyxyy(O; 0)=1 fyxyy = e*Y
fyyxx(O; 0)=1 fyyxx = e*tYy
fyyxy(O; 0)=1 fyyxy = eXty

Fyyyx(0:0) =1 fy)5, =™
Fryyy(0;0) =1 fyy, =™
d*f(0;0)=1-x-x-x-x+1-x-x-x-y+1l-x-x-y-x+1-x-x-y-y+
+1-xy-x-x+1-x-y-x-y+1l-x-y-y-x+1-x-y-y-y+1-y-x-x-x+
+1.y.x.x.y+1.y.x.y.x_l_l.y.x.y.y+1.y.y.x.x+1.y.y.x.y+
+1-y-y-y-x+1-y-y-y-y=xt+4x3y+6x?y? +4xy> + y* = (x + y)*

xty G4y @+y)° @4t G4y @+

M=T(0)=1+— 2! 31 41 5! 6!
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4. Vokolisttedu B = [2;1] rozvinte do Taylorovy rady funkci

fle,y) =y3+3x%—3y? —3x%y +12xy — 11x — 9y + 9. [x e R; y € R]

f(21)=13+3-22-3-12-3-22-1+12-2-1—-11-2-9-1+9 =
=1+12-3-12+24-22-94+9=0

21)=1 f,=6x—6xy+12y—11
fy(2;1) =0 f, =3y*—6y—3x*+12x -9

dfFD=1-(x—2)40-(y—1) = (x —2)

fix(2;1) =0 fir =6—06y
fxy(z; =0 fxy =—6x+12
fyx(z; 1H)=0 fyx =—6x+12
fyy(z; 1)=0 fyy =6y—6

d?f(1,2)=0-(x—2)- (x-2)+0-x—-2)- (y-D+0-y-1D - (x—2) +
+0-Oy-D-y-1D=0

fexx(Z2;1) = 0 fyexxe =0
fxxy(Z; 1)=-6 fxxy =—6
fxyx(Z; 1)=-6 fxyx =—6
fxyy(Z; =0 fxyy =0
fyxx(Z; 1)=-6 fyxx =—6
fyxy(Z; =0 fyxy =0
fyyx(Z; D= 0 fyyx =0
fryy(Z1) = 6 fyyy =6

Ef1)=0-6-(x-2) x-2)- -D-6-(x-2)- (-1 - (x-2)+0-
—6-(y-1)-(x=-2)-x=-2)+04+0+6-v-D-(v-D- -1 =
=6(x —2)3—18(x — 2)(y — 1)?

VSechny dalsi parcialni derivace jsou rovny nule,

d*f(2;1) = 0; d>f(2;1) = 0; d°f(2;1) = 0; d’f(2;1) = 0; ... proto

df(2;1 d?f(2;1 d3f(2;1
T(B)= f(z2;D+ f(l! )+ f;' )+ f; )=

(x—2)=-3.(y—1D.(x—2)2%2+(y—1)3
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5. Rozvinte do Maclaurinovy rady funkci  f(x,y) = sin(x +y). [x e R; y € R]

(viz poznamka).
f(0;0) =sin(0+0) =sin0 =10
f(0;0)=1 f,=cos(x+y)-1=cos(x+Yy)
fy(0;0) =1 f, =cos(x+y)-1=cos(x+y)

df(0;0)=1-x—-0)+1-(y—-0) =x+y

fix(0;0) =0 fi) = —sin(x+y):-1=—sin(x +y)
fey(0;0) =0 fi,, = —sin(x +y) 1= —sin(x+y)
fyx(0;0) =0 f,x=—sin(x+y) -1=—sin(x+y)
fyy(O; 0)=0 fyy = —sin(x+y)-1=—sin(x +y)
d?f(0;0)=0-x-x+0-x-y+0-y-x+0-y-y=0

frexx(0;0) = =1 fiyy = —cos(x +y)
fxxy(oi 0)=-1 fxxy = —cos(x +y)
fxyx(O; 0)=-1 fxyx = —cos(x +y)
fxyy(O; 0) =-1 fxyy = —cos(x +y)
fyxx(O; 0% =-1 fyxx = —cos(x +y)

)

)

fyxy(0;0) = =1 fyy = —cos(x +y)
fyyx(0;0) = =1 fyy, = —cos(x +y)
fyyy(0;0) = =1 f,, = —cos(x +y)
d3f0;0)=-1-x-xx—1-x-x-y—1-x-y-x—1-x-y-y—1ly-x-x—1-y-x-y+
—lyyx—1yyy=-x=3x2y-3xy’ -y’ =—-(x +)°
frxxx(0;0) =0 fuxxx = —[—sin(x +y)] = sin(x + y)
fxxxy(O; 0)=0 fxxxy = sin(x + y)
fxxyx(O; 0)=0 fxxyx = sin(x + y)
fxxyy(O; 0)=0 fxxyy = sin(x + y)
fxyxx(O; 0)=0 fxyxx = sin(x + y)
fxyxy(ol' 0)=0 fxyxy = sin(x +y)
fxyyx(O; 0)=0 freyyx = sin(x +y)
fxyyy(O; 0)=0 fxyyy = sin(x +y)
fyxxx(O; 0)=0 fyxxx = sin(x + y)
fyxxy(O; 0)=0 fyxxy = sin(x + y)
fyxyx(ol' 0)=0 fyxyx = sin(x +y)
fyxyy(O; 0)=0 fyxyy = sin(x +y)
fyyxx(O; 0)=0 fyyxx = sin(x + y)
fyyxy((); 0)=0 fyyxy = sin(x + y)
fyyyx(O; 0)=0 fyyyx = sin(x +y)
fyyyy(0;0) =0 fyyyy = sin(x +y) fyyyyy = c0s(x +y)  fyyyyy(0;0) =1
d*f(0;0)=0-x-x-x-x+0-x-x-x-y+0-x-x-y-x+0-x-x-y-y+
+0-x-y-x-x+0-x-y-x-y+0-x-y-y-x+0-x-y-y-y+0-y-x-x-x+
+0-y-x-x-y+0-y-x-y-x+0-y-x-y-y+0-y-y-x-x+0-y-y-x-y+
+0-y-y-y-x+0-y-y-y-y=0

M

3 5 7
_xty Ay GEyr Ay

1 31 =] 7 Funkce sin je LICHA.

Brno 2019 RNDr. Rudolf Schwarz, CSc.



FAST - Mat 2: Taylortv rozvoj funkci vice proménnych str. 10 z |2

6. Vokolistredu A =[1;2] rozviite do Taylorovy rady funkci

flx,y) =x3—3x2+3y? —3xy? + 12xy —9x — 11y + 9. [x ER; y € R]

f(1;2)=13-3-12+3-22-3-1-22+412-1-2—-9-1—-11-2+9 =
=1-3+12-12+24-9-22+4+9=0

f(1,2)=0 f,=3x2—6x—3y?+12y—9
H(L2)=1 f,=6y—6xy+12x—11

df(1;2)=0-x-D+1-y=-2)=0~-2)

fix(L,2) =0 fixy =6x—6
fxy(l; 2)=0 fxy = —6y + 12
fyx(l; 2)=0 fyx = —6y + 12
fyy(l; 2)=0 fyy =6—6x

Pf(L2)=0-x-1) - x-D+0-x-1-¢y-2)+0-y-2)- (x—D+
+0-y-2)-(y-2)=0

fexx(L2) = 6 fyxx =6
fxxy(l; 2)= 0 fxxy =0
fxyx(]-; 2)=0 fxyx =0
fxyy(1; 2)=—6 fxyy = —6
fyxx(l; 2)= 0 fyxx =0
fyxy(l; 2)=—6 fyxy =—6
fyyx(l; 2)=-6 fyyx = —6
fryy(L2) = 0 fyy, =0

dBf(;2)=6-(x-1)-(x—-1)-(x—-1D)+0+0-6-(x—1)-(y—2)-(y—2)+0-—
—6-(y=-2)-x-1D)-(y=-2)-6-(y—-2)-(v-2)-(x-1D+0=
=6(x—1)3—-18(x — 1)(y — 2)?

VSechny dalsi parcialni derivace jsou rovny nule,

df(1;2) = 0; d>f(1;2) = 0; d°f(1;2) = 0; d’f(1;2) = 0; ... proto

df(1;2)  d*f(1;2)  d3f(1;2)
T tT 3 T

-2+ x-1)°-3x-1).0-2)°

riA)= f(12)+
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7. Rozviiite do Maclaurinovy rady funkci  f(x,y) = e*”. [x eR; y € R]

(viz pozndmkd).
f(0;0)=e%0=¢0=1

[(0;0) =0 f, = =y-e
f,(0;0)=0 f, = =x.e%y

df(0;0)=0-(x—0)+0-(y—0)=0

fix(0;0) =0 for = = yz eV
fiy(0;0) =1 fo,, = =e +xy-e*Y
frx(0;0) =1 f,, = =e +xy-e*Y
fyy(0;0) =0 f,, = =x2.e"

Je lepsi vysledky pied dalsim derivovanim co nejvice upravit tak, jako v nasledujicich
prikladech v tomto dokumentu, nebo ve 3. prikladu, 9. cvi¢eni na parcialni derivace.

. — — — Xy
d’f(0;0)=0-x-x+1-x-y+1-y-x+0-y-y=2xy=2!-=

fexx(0;0) =0 fipx = = }/3 ey

fxxy(oi 0)=0 fxxy = =2y-e" + xyz - eXY

fxyx(O; 0)=0 fxyx = =2y-eV + xyz - e
feyy(0;0) =0 fr)), = =2x-e¥ + x%y -V
fyxx(O; 0)=0 fyxx = =2y e + xyz - ety
fyay(0;0) =0 f,,) = =2x-e" + x%y-e"Y
fyyx(0;0) =0 f,p, = =2x-e" + x2%y - e¥
fyyy(0;0) =0 f5, = =x%-e¥

d3f(0;0)=0-x-x-x+0-x-x-y+0-x-y-x+0-x-y-y+0-y-x-x+0-y-x-y+
+0.y.y.x+0.y.y.y:0

frxxx(0;0) =0 fyyux = = y4 eV
fxxxy(O; 0)=0 fxxxy = = 3y2 ¥ + xy3 XY
fxxyx(O; 0)=0 fxxyx = = 3y2 ¥ + xy3 - eXY

fxxyy(OF 0)=2 fxxyy = =

=2 +4xy - e + x%y? . W
fxyxx(O; 0)=0 fxyxx = = 3}/2 ¥ + xy3 eV
fxyxy(O; 0)=2 fxyxy = =

=2 +4xy - + x%y? . %
fxyyx(O; 0)=2 fxyyx = =

=2-e +4xy - eV 4+ x2y? . eV
fryyy(0;0) =0 fryyy = =3x%-e" +x3y-e¥

Brno 2019 RNDr. Rudolf Schwarz, CSc.



FAST - Mat 2: Taylortv rozvoj funkci vice proménnych str. 12 z @

fyXXX(O; 0)=0 fyxxx = = 3y2 . eXV 4 xy3 . eXy
f)’xxy(O; 0) =2 fyxxy = —

=2-e 4+ 4xy - e + x%y% . XV
fyxyx(0;0) =2 fry = =

=2 +4xy - e + x2y? . eV
fyxyy(0:0) =0 fyxyy = =3x2-e¥ + x3y - eV
fyyxx(O; 0) =2 fyyxx = =

=2-e +4xy - eV + x%y? . eV

fyyxy(O; 0)=0 fyyxy = = 3x2.eXY 4+ x3y . eXy
Fyyyx(0:0) =0 fyyyr = =3x2.- e +x3y - W
fyyyy(0:0) =0 fyyyy = = x4 . XV

d*f(0;0)=0-x-x-x-x+0-x-x-x-y+0-x-x-y-x+2-x-x-y-y+
+0-x-y-x-x+2-xy-x-y+2-x-yy-x+0-x-y-y-y+0-y-x-x-x+
+0-y-y-y-x+0-y-y-y-y=6-2x%*y?) =
2! 4! x2y?
=12x2y2=w-z-x2y2=z-x2y2=4!- 23!]
12

faxxxx(0;0) =0 frsexnx = = y5 - eXV

d°f(0;0)=0-x-x-x-x-x+..=0

2.,2
_ ooy 4F(0,0) d3f(0;0) df(0;0) 2 gt
R 5 A €50 SN €50 RN 2 ) RN €5 M €5 )
= 1+F+ ol + 30 + 41 + o) + ol + .-
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8. Vokolisttedu C = [1;—1] rozviiite do Taylorovy rady funkci

flx,y)=x3+xy?—3x+2xy+1. [x ER; y € R]

fFL-D=1341-(-1)2=-3-1+42-1-(-1)+1=-2

fe(L-1D)=-1 f,=3x>+y2—-3+2y
(-1 = 0 f,=2xy+2x

dfF(L,-D=-1-(x-1D+0- @+ =—-(x—-1

fix(L—1) =6 fi, = 6x
fxy(:l; -1)=0 fxy =2y+2
fyx(1; -1)=0 fyx =2y+2
fyy(l; -1)=2 fyy = 2x

2f(L-1)=6-(x—1) - (x—D+0-(x—1) - (+D+0-(y+1)- (x—1) +
+2-(y+1)-(v+2)=6(x—1)2+2(y+ 1)

frxx(L=1) =6 fyxx =6
fxxy(l; -1)=0 fxxy =0
fxyx(l; -1)=0 fxyx =0
fxyy(:l; -1)=2 fxyy =2
fyxx(l; -1)=0 fyxx =0
fyxy(l; -1)=2 fyxy =2
fyyx(l; -1)=2 fyyx =2
fryy(L,=1) =0 fyy, =0

dBf-D=6-x-1-x-1D-(x—-1D+0+0+2-(x—-1)-(y+1)-(y+1)+0-—
+2- 4+ x-D-y+DH)+2-+D) - +DH - x—-1)+0=
=6(x—13+6(x—1)(y+1)>2

VSechny dalsi parcialni derivace jsou rovny nule,

d*f(1;,-1) = 0; d°f(1;-1) = 0; d°f(1;-1) = 0; d’f(1;—-1) = 0; ... proto

df(1; -1 d?f(1; -1 d3f(1; -1
r©= fons YETD EED f<3! ) _

—2-(x—-D+3x-1D*+ @@+ 1D*+(x—1)3+ (x—D(y+ 1)?
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9. Rozvinte do Maclaurinovy rady funkci

f(0;0) =cos(0-0) =cos0=1

fx(0;0) =0 f;
fy(OF 0)=0 fy =

= —y - sin(xy)
= —x - sin(xy)

df(0;0)=0-(x—0)+0-(y—0)=0

f(x,y) = cos(xy).

str. 14 z @

[x eR; y ER]
(viz poznamka).

fix(0;0) =0 fir = = _yz - cos(xy)
fiy(0;0) =0 fy), = = —sin(xy) — xy - cos(xy)
fyx(0;0) =0 fy, = = —sin(xy) — xy - cos(xy)
fyy(0;0) =0 f,, = = —x?2 - cos(xy)

d?f(0;0)=0-x-x+0-x-y+0-y-x+0-y-y=0

foxx(0;0) =0 frxx = = y3 - sin(xy)
fxxy(o’ 0) = O fxxy = =

= xy? - sin(xy) — 2y - cos(xy)
fxyx(O; O) =0 fxyx = =

= xy? - sin(xy) — 2y - cos(xy)
fxyy(oi 0)=0 fiyy= =

= x2y - sin(xy) — 2x - cos(xy)
fyxx(O; 0) =0 fyxx = =

= xy? - sin(xy) — 2y - cos(xy)
fyxy(O; 0)=0 fyxy = =

= x2%y - sin(xy) — 2x - cos(xy)
fyyx(O; 0)=0 fyyx = =

= x%y - sin(xy) — 2x - cos(xy)
fyyy(0;0) =0 fy, = = x> - sin(xy)

d3f(0;0)=0-x-x-x+0-x-x-y+0-x-y-x+0-x-

frxxx(0;0) =0 frxxx = = }/4 - cos(
fxxxy(O; 0)=0 fxxxy =
fxxyx(O; 0)=0 fxxyx =
fxxyy(O; 0)=-2 fxxyy =

= 4xy -

Brno 2019

y-y+0-y-x-x+0-y-x-y+
+0.y.y.x+0.y.y.y:0

xy)

= 3y? - sin(xy) + xy3 - cos(xy)

= 3y? - sin(xy) + xy3 - cos(xy)

sin(xy) + (x%2y? — 2) - cos(xy)
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fxyxx(oi 0)=0 fxyxx = =
= 3y? - sin(xy) + xy3 - cos(xy)
fxyxy(O; 0)=-2 fxyxy =

fxyyx(O; 0) =-2 fxyyx =

= 4xy - sin(xy) + (x2y? — 2) - cos(xy)

= 4xy - sin(xy) + (x%y? — 2) - cos(xy)

fryyy(0:0) =0 fiyyy = =
= 3x2 - sin(xy) + x3y - cos(xy)

fyxxx(O; 0)=0 fyxxx = =

fyxxy(ol' 0)=-2 fyxxy =

fyxyx(O; 0)=-2 fyxyx =
= 4xy - sin(xy) + (x2y? — 2) - cos(xy)

fyayy(0;0) =0 fpyy = =
= 3x2 - sin(xy) + x3y - cos(xy)

= 3y? - sin(xy) + xy3 - cos(xy)

= 4xy - sin(xy) + (x%y? — 2) - cos(xy)

fyyxx(O; 0)=-2 fyyxx =
= 4xy - sin(xy) + (x%y? — 2) - cos(xy)

fyyxy(O; O) =0 fyyxy = =
= 3x2 - sin(xy) + x3y - cos(xy)

fyyyx(o; 0)=0 fyyyx = =
= 3x2 - sin(xy) + x3y - cos(xy)
fyyyy(0;0) =0 fyyyy = = x* - cos(xy)

d*f(0;0)=0-x-x-x-x+0-x-x-x-y+0-x-x-y-x—2-x-x-y-y+
+0-x-y-x-x—2-xy-x-y—2-x-yV-x+0-x-y-y-y+0-y-x-x-x+
—2-y-x-x-y—Z-y-x-y-x+0-y-x-y-y—2-y-y-x-x+0-y-y-x-y+
+0-y-y-y x+0-y-y-y-y=6-(-2x?y%) =

2! 4! x?y?
= —12x%y? = —4-3.— - x%y? = —— . x?y? = —41. 4
=5 2! 2! 2!
frxxxx(050) =0 frxxxx = =y5-cos(xy)
d°f(0;0)=0-x-x-x-x-x+..=0
df(0;0) d2f(0;0) d3f(0;0 a1 2
M= £(0;0)+ SO0 700 TTO0) 1 040+0+—— 2 ot =
— 1! 2! 3! 4!
xy)?  (ey)* (xy)® .
:1_(2)/') +(i]|) —(2}') + - Funkce cos je SUDA.
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10. V okolistfedu D = [—1; 1] rozviiite do Taylorovy rady funkci

fl,y)=y3+x%y+2xy—3y+1. [x ER; y €ER]

F-LD =13+ (-1)2-1+2-(-1)-1-3-1+1=-2

fx( )= 0 fy=2xy+2y
(L1 =-1 f,=3y*+x*+2x-3

fx (L) =2 for =2y
fxy(—l; =0 fxy =2x+2
fyx(—l; 1H=0 fyx =2x+2
fyy(_l; 1)=6 fyy = 6y

d?f(-;1D=2-x+1D-(x+1D+0-(x+1)-(y-1D+0-(y—-1-(x+1)+
+6-(y—1)-(y—1)=2(x+1)? +6(y — 1)?

frxx(L11) =0 fiyxy =0
fxxy(_l; 1)=2 fxxy =2
fxyx(_l; =2 fxyx =2
fxyy(_li 1)=0 fxyy =0
fyxx(_l; =2 fyxx =2
fyxy(_l; 1)=0 fyxy =0
fyyx(_li =0 fyyx =0
fryy(=1,1) =6 fyy, =6

dBf-L1D)=0-(x+1) - (x+1D)-x+D+2-(x+1) - (x+1-(y—1)
+2-(x+1)-y-1)-x+1)+0+2-y—-1)-(x+1)-(x+1)+0+0+
+6-(y-D-(-D-@-D=6x+1D*@-1+6(-1)>

VSechny dalsi parcialni derivace jsou rovny nule,

d*f(-1;1) =0; d°f(-1;1) = 0; d°f(-1;1) = 0; d’f(-1;1) = 0; ... proto

ro)= f=L1H)+

df(-1;1) d*f(-1;1) d3*f(-1;1)
T T3 -

—2--D+E+1D*+30y-D*+x+D*(y-D+ @y - 1)°
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11. Rozvinte do Maclaurinovy rady funkci f(x,y) = Xy [x €eR; y € R]
(viz pozndmka).
£(0;0) = e2*+0" = e0 =1
£(0;0)=0 f, = =2x - ¥’
2 2
f,(0;0)=0 f,= = 2y - ¥’ *Y

df(0;0)=0-(x—0)+0-(y—0)=0

2,02
fix(0;0) =2 fir = 2= (22 +4x?) - XY
fiy(0;0) =0 fy), = = 4xy - XtV
fyx(o’ 0) = 0 fyx = — 4xy . ex2+y2

2.2
fy(0;0)=2 f,, = = (24 4y?) - e¥ Y
1! 2! x2 + y?

Ef0;0) =228 4+2y" =2 (P 4yH) = 2- 3 (P 4yH) = 77 (P +yH) = 20—,
fexx(0;0) =0 foxx = = (12x2+ §X3) X7y
fxxy(O; 0)=0 fxxy = = (4y + 8x23") ety
fxyx(oi 0)=0 fxyx = = (4y + 8x2y) L eX i Hy?
fyax(0;0) =0 fiux = = (4y + 8x2y) - exz"'yz
fyxy(0;0) =0 f,, = = (4x + 8xy22) -Zex ty
fyyx(O; 0)=0 fyyx = = (4x + 8xy2) ceXTty
Fyyy(0:0) =0 fyyy = = (12y +8y®) - ¥+
d3f(0;0)=0

frxxx(0;0) =12 fryyx = = ,

= (12 + 48x2 + 16x*) - ¥ 1Y
frxxy(0:0) =0 firxxy = = (24xy + 16x3y) - X’ +y?
fxxyx(O; 0)=0 fxxyx = =

= (24xy + 16x3y) - XV
fxxyy(O; 0) =4 fxxyy = - 2.,.2
= (4 + 8x?% + 8y? + 16x2y?) - X"tV

fxyxx(oi 0)=0 fxyxx = = ,
= (24xy + 16x3y) - XY

fxyxy(O; 0) =4 fxyxy - - 2
= (4 + 8x% + 8y? + 16x2y?) - X"tV

fxyyx(ol' 0) =4 fxyyx = - 2
= (4 + 8x% + 8y? + 16x2y?) - X"tV

feyyy(0:0) =0 fryyy = N 2
= (24xy + 16xy3) - X"ty
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fJ/xxx(O; 0)=0 fyxxx = - 24,2
= (24xy + 16x3y) - ¥ 1Y
fyxxy(O; 0)=4 fyxxy = =

= (4 + 8x% 4 8y2 + 16x2y?) - ¥ +¥
fyxyx(O; 0) =4 fyxyx - - 2
= (4 t+ox” + + 16x e

(4 8 2 8y2 16 2y2) x“+y
fyxyy(O; 0)=0 fyxyy = - 2.,.2
= (24xy + 16xy3) - ¥ 1Y

fyyxx(O; 0)=4 fyyxx = = i
= (4 + 8x% + 8y? + 16x2y?) - eX" 1Y
fyyxy((); 0)=0 fyyxy = = L
= (24xy + 16xy3) - ¥ 1Y
Fyyyx(0;0) =0 fyp = = (24xy + 16xy3) - eX*+y?
fryyy(0:0) =12 f55, = = .
= (12 + 48y? + 16y*) - ¥ ¥

d*f(0;0) = 12xxxx+0+ 0+ 4xxyy+0+4xyxy+4xyyx+0+0+4yxxy+4yxyx+0+
+ 4yyxx + 0+ 0+ 12yyyy =

2! 4!
— 12(x4 + 2x2y2 + y4) — 4\w-31 5 . (xz + y2)2 = E . (XZ + yZ)Z
12 7 '

df(0;0) , d£(0,0)  d*f(0;0)  d'f(0;0)

M= ;0 +—; 21 31 4!
=1+0+T“+0+T2!+0+T3’+...=
X2+2 x2+ 2\2 x2+ 2\3 x2+ 2\4 x2+ 2\5
DI Gt 70 N Gl /A0 MUY Gl /40 M €l 0 0 MU G 20 MUY
11 2! 31 41 51
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12. V okolistfedu E = [1; —3] rozvinte do Taylorovy rady funkci

flx,y)=x3+xy—y—1. [x €ER; y € R]

F(1;,-3)=1341-(=3)—(-3)=1=0

(1,-3)=0 f,= 3x? t+y
fy(l;—3) =0 fy =x—-1

df(1,-3)=0-x =1 +0-(y+3)=0

fix(1;=3) =6 fyr = 6x
fxy(:l; -3)=1 fxy =1
fyx(1; -3)=1 fyx =1
fyy(1;=3)=0 f;, =0

dzf(l;—S)=6-(x—1)-(x—1)+1-(x—1)-(y+3)+1-(y+3)-(x—1)+
+0-(y+3)-(v+3)=6(x—1)2+2(y+3)

fexx(L,=3) =6 fyxx =6
fxxy(l; -3)=0 fxxy =0
fxyx(l; -3)=0 fxyx =0
fxyy(:l; -3)=0 fxyy =0
fyxx(l; -3)=0 fyxx =0
fyxy(l; -3)=0 fyxy =0
fyyx(l; -3)=0 fyyx =0
fyyy(1;=3) =0 fyy, =0

dBf(1;,-3)=6-(x—-1)-(x—1)-(x—1)+0+0+0+0+0+0+0=6(x—1)3

VSechny dalsi parcialni derivace jsou rovny nule,

d*f(1;-3) =0; d°f(1;-3) = 0; d°f(1;-3) = 0; d’f(1;—3) = 0; ... proto

df(1;-3) d*f(1;-3) d3f(1;-3)
n T o T3 -

3x—1)?+(x—-1Dy+3)+(x—1)3

rE)= f(L=-3)+
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13. Rozviite do Maclaurinovy rady funkci

f(x,y) =sin(x? + y?). [x ER; vy €R]

f(0; 0) = sin(0% 4+ 02) =sin0 =0

f(0;0)=0 f, = = 2x - cos(x? + y?)
f,(0;0)=0 f, = = 2y - cos(x? + y?)

df(0;0)=0-(x—-0)+0-(y—0)=0-x+0-y=0

[ix(0;0) =2 fir = =

= 2-cos(x? + y?) — 4x? - sin(x? + y?)
fey(0;0) =0 f, = = —4xy - sin(x? + y?)
fyx(0;0) =0 f,, = = —4xy - sin(x? + y?)
fy(0;0) =2 f,, = =

= 2-cos(x? + y?) — 4y? - sin(x? + y?)

2
dzf(O;O)=2-x2+0-xy+0-yx+2-y2=2-(x2+y2)=F-(x2+y2)

frexx(0;0) =0 fryy =

= —12x - sin(x? + y?) — 8x3 - cos(x? + y?)
fxxy(oi 0) = O fxxy = =

= —4y - sin(x? + y?) — 8x%y - cos(x? + y?)
fxyx(O; 0)=0 fxyx = =

fxyy(oi 0)=0 fxyy =

fyxx(O; 0)=0 fyxx = =
= —4y -sin(x? + y?) — 8x2y - cos(x? + y?)

fyxy(O; 0)=0 fyxy = =
= —4x - sin(x? + y?) — 8xy? - cos(x? + y?)

fyyx(oi 0) =0 fyyx = =
= —4x - sin(x? + y?) — 8xy? - cos(x? + y?)
fryy(0:0) =0 fyy =

= —4y - sin(x? + y?) — 8x%y - cos(x? + y?)

= —4x - sin(x? + y?%) — 8xy? - cos(x? + y?)

= —12y - sin(x? + y?) — 8y3 - cos(x? + y?)

d3f(0;0)=0-x3+0-x?y+0-xyx+0-xy2+0-yx2+0-yxy+0-y?>x+0-y3=0
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frxxx(0;0) =0

fxxxy(O; 0)=0

fxxyx(O; 0)=0

fxxyy(ol' 0)=0

fxyxx(O; 0)=0

fxyxy (0;0)=0

fxyyx(O; 0)=0

fxyyy(O; 0)=0

fyxxx(O; 0)=0

fyxxy(O; 0)=0

fyxyx(O; 0)=0

fyxyy(O; 0)=0

fyyxx(O; 0)=0

fyyxy(O; 0)=0

fyyyx(O; 0)=0

fyyyy(0;0) =0

fxxxx =

fxxxy

f XxXyx

fxxyy

f XyxXx

fxyxy

fxyyx

fxyyy
fyxxx

f yxXxy

fyxyx

fyxyy

fyyxx

fyyxy -
fyyyx

fyyyy =

= (16x* — 12) - sin(x? + y?) — 48x?
= 16x3y - sin(x? + y?) — 24xy -

= 16x3y - sin(x? + y?) — 24xy -

(16x2%y? — 4) - sin(x? + y?) + (—8x? — 8y?) -

= 16x3y - sin(x? + y?) — 24xy -

(16x2%y? — 4) - sin(x? + y?) + (—8x? — 8y?) -

(16x2%y? — 4) - sin(x? + y?) + (—8x2 — 8y?)
= 16xy3 - sin(x? + y?) — 24xy -

= 16x3y - sin(x? + y?) — 24xy -

(16x2%y? — 4) - sin(x? + y?) + (—8x? — 8y?) -

(16x2%y? — 4) - sin(x? + y?) + (—8x? — 8y?) -

= 16xy3 - sin(x? + y?) — 24xy -

(16x2y? — 4) - sin(x? + y?) + (—8x2% — 8y?) -
= 16xy3 - sin(x? + y?) — 24xy -

= 16xy3 - sin(x? + y?) — 24xy -

= (16y* — 12) - sin(x? + y?) — 48y?

d*f(0;0)=0-x*+4-0-x3y+6-0-x%y*+4-0-xy>+0-y*=0

Brno 2019
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- cos(x? + y?)

cos(x? + y?)

cos(x? + y?)

cos(x? + y?)

cos(x? + y?)

cos(x? + y?)

- cos(x? + y?)

cos(x? + y?)

cos(x? + y?)

cos(x? + y?)

cos(x? + y?)
cos(x? + y?)

cos(x? + y?)
cos(x? + y?)

cos(x? + y?)

cos(x? + y?)
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faxxxx(0;0) =0 fonexnx =

= 160x3 - sin(x? + y?) + (32x°> — 120x) - cos(x? + y?)
fxxxxy(O; 0)=0

d°f(0;0)=0-x>+0-x*y+..=0

frxxaxe(0;0) = =120 frxnxxx = 480x2 - sin(x? + y?) 4+ 160x3 - cos(x? + y?) - 2x+
+(160x* — 120) - cos(x? + y?)—
—(32x° — 120x) sin(x? + y?) - 2x
fxxxxxy(O; 0)=0

df(0;0) = —120-x°4+0-x>-y+..—40-x*-y?+..—40-x3-y-x-y+..—120-y® =
= —120x% — 360x*y? — 360x2y* — 120y°® = —120 - (x® + 3x*y? + 3x2y* + y©) =

3!
=—6-5-47 - (2 +y?)°
120 '

df(0;0)  d*(0;0)  d*f(0;0)

M= f0;0+—; 21 31
o1, OZ+y8) _gl . @HyD?
=0+0+—— +04+40+0+——3  +0+..=
2 6!
Py (P 4yD)E (PR Py (P 4y’
TR 31 + 51 B 71 + 91 7
Poznamka

Rozvinemepro t =0 funkci(jedné proménné) sint ado vysledku dosadime za

t=x%+y2.
f =sint f(0) = 0
f' =cost '@ = 1
f” = —sint f7(0) = 0
f® =—cost F®0)=-1
f® =sint f®0)y= 0
f®) =cost f&O)= 1
f® = —sint f®0)= 0

) =—cost t(0) =-1

U A A A T
Slnt—ﬂ—aﬁ'a—ﬁ‘Fa—"‘
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