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Brno 2019 RNDr. Rudolf Schwarz, CSc.



FAST – Mat 2: Parciální derivace funkcí více proměnných str. 2 ze 7
Parciálnı́ derivace funkce o vı́ce proměnných je jejı́ derivace vzhledem

k jedné z těchto proměnných (derivujeme tuto funkci jako funkci jen jedné
proměnné), kdy všechny ostatnı́ proměnné pokládáme za konstanty.

Výsledkem parciálnı́ derivace je funkce. Tuto můžeme opět parciálně derivovat a do‑
stáváme parciální derivaci parciální derivace, nebo‑li druhou parciálnı́ derivaci (což je
opět funkce). Tuto můžeme opět … třetı́ parciálnı́ derivaci …

1. Napište všechny třetı́ parciálnı́ derivace funkce

𝑓(𝑥, 𝑦) = 𝑥3 + 𝑦2 − 6𝑥𝑦 − 39𝑥 + 18𝑦 + 4 [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ]

𝑓𝑥 = 𝜕𝑓(𝑥, 𝑦)
𝜕𝑥 = ൫𝑥3൯′ + 0 − 6𝑦 (𝑥)′ − 39 (𝑥)′ + 0 + 0

𝑓𝑦 = 𝜕𝑓(𝑥, 𝑦)
𝜕𝑦 = 0 + ൫𝑦2൯′ − 6𝑥 (𝑦)′ − 0 + 18 (𝑦)′ + 0

𝑓𝑥 = 3𝑥2 − 6𝑦 − 39
𝑓𝑥𝑥 = 6𝑥

𝑓𝑥𝑥𝑥 = 6
𝑓𝑥𝑥𝑦 = 0

𝑓𝑥𝑦 = −6 𝑓𝑥𝑦𝑥 = 0
𝑓𝑥𝑦𝑦 = 0

Jsou‑li smíšené derivace 𝑓𝑥𝑦 a 𝑓𝑦𝑥
v okolı́ nějakého bodu 𝒜 spojité,
pak jsou si v tomto bodě 𝒜 rovny.
Nebo‑li: 𝑓𝑥𝑦(𝒜) = 𝑓𝑦𝑥(𝒜) .

𝑓𝑦 = 2𝑦 − 6𝑥 + 18
𝑓𝑦𝑥 = −6

𝑓𝑦𝑥𝑥 = 0
𝑓𝑦𝑥𝑦 = 0

𝑓𝑦𝑦 = 2 𝑓𝑦𝑦𝑥 = 0
𝑓𝑦𝑦𝑦 = 0

Jsou‑li smíšené derivace 𝑓𝑥𝑥𝑦, 𝑓𝑥𝑦𝑥
a 𝑓𝑦𝑥𝑥 v okolı́ bodu 𝒜 spojité,
pak jsou si v tomto bodě 𝒜 rovny.
𝑓𝑥𝑥𝑦(𝒜) = 𝑓𝑥𝑦𝑥(𝒜) = 𝑓𝑦𝑥𝑥(𝒜)

Podobně 𝑓𝑥𝑦𝑦(𝒜), 𝑓𝑦𝑥𝑦(𝒜), 𝑓𝑦𝑦𝑥(𝒜)

2. Napište všechny třetı́ parciálnı́ derivace funkce

𝑓(𝑥, 𝑦) = 6𝑥𝑦2 − 2𝑥3 − 3𝑦3 [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ]

𝑓𝑥 = 6𝑦2 − 6𝑥2
𝑓𝑦 = 12𝑥𝑦 − 9𝑦2

𝑓𝑥𝑥 = −12𝑥
𝑓𝑥𝑦 = 12𝑦
𝑓𝑦𝑥 = 12𝑦
𝑓𝑦𝑦 = 12𝑥 − 18𝑦

𝑓𝑥𝑥𝑥 = −12
𝑓𝑥𝑥𝑦 = 0
𝑓𝑥𝑦𝑥 = 0
𝑓𝑥𝑦𝑦 = 12
𝑓𝑦𝑥𝑥 = 0
𝑓𝑦𝑥𝑦 = 12
𝑓𝑦𝑦𝑥 = 12
𝑓𝑦𝑦𝑦 =−18
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3. Napište všechny čtvrté parciálnı́ derivace funkce

𝑓(𝑥, 𝑦) = e𝑥𝑦 [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ]

𝑓𝑥 = e𝑥𝑦 ⋅ 𝑦 = 𝑦 ⋅ e𝑥𝑦
𝑓𝑦 = e𝑥𝑦 ⋅ 𝑥 = 𝑥 ⋅ e𝑥𝑦

𝑓𝑥𝑥 = 𝑦 ⋅ e𝑥𝑦 ⋅ 𝑦 = 𝑦2 ⋅ e𝑥𝑦
𝑓𝑥𝑦 = 1 ⋅ e𝑥𝑦 + 𝑦 ⋅ e𝑥𝑦 ⋅ 𝑥 = (1 + 𝑥𝑦) ⋅ e𝑥𝑦
𝑓𝑦𝑥 = 1 ⋅ e𝑥𝑦 + 𝑥 ⋅ e𝑥𝑦 ⋅ 𝑦 = (1 + 𝑥𝑦) ⋅ e𝑥𝑦
𝑓𝑦𝑦 = 𝑥 ⋅ e𝑥𝑦 ⋅ 𝑥 = 𝑥2 ⋅ e𝑥𝑦

Jsou‑li smíšené derivace 𝑓𝑥𝑦 a 𝑓𝑦𝑥 v okolı́ bodu 𝒜 spojité, pak jsou si v tomto bodě
𝒜 rovny.

Nebo‑li: 𝑓𝑥𝑦(𝒜) = 𝑓𝑦𝑥(𝒜) .

𝑓𝑥𝑥𝑥 = 𝑦2 ⋅ e𝑥𝑦 ⋅ 𝑦 = 𝑦3 ⋅ e𝑥𝑦
𝑓𝑥𝑥𝑦 = 2𝑦 ⋅ e𝑥𝑦 + 𝑦2 ⋅ e𝑥𝑦 ⋅ 𝑥 = (2𝑦 + 𝑥𝑦2) ⋅ e𝑥𝑦
𝑓𝑥𝑦𝑥 = 𝑦 ⋅ e𝑥𝑦 + (1 + 𝑥𝑦) ⋅ e𝑥𝑦 ⋅ 𝑦 = (2𝑦 + 𝑥𝑦2) ⋅ e𝑥𝑦
𝑓𝑥𝑦𝑦 = 𝑥 ⋅ e𝑥𝑦 + (1 + 𝑥𝑦) ⋅ e𝑥𝑦 ⋅ 𝑥 = (2𝑥 + 𝑥2𝑦) ⋅ e𝑥𝑦
𝑓𝑦𝑥𝑥 = 𝑦 ⋅ e𝑥𝑦 + (1 + 𝑥𝑦) ⋅ e𝑥𝑦 ⋅ 𝑦 = (2𝑦 + 𝑥𝑦2) ⋅ e𝑥𝑦
𝑓𝑦𝑥𝑦 = 𝑥 ⋅ e𝑥𝑦 + (1 + 𝑥𝑦) ⋅ e𝑥𝑦 ⋅ 𝑥 = (2𝑥 + 𝑥2𝑦) ⋅ e𝑥𝑦
𝑓𝑦𝑦𝑥 = 2𝑥 ⋅ e𝑥𝑦 + 𝑥2 ⋅ e𝑥𝑦 ⋅ 𝑦 = (2𝑥 + 𝑥2𝑦) ⋅ e𝑥𝑦
𝑓𝑦𝑦𝑦 = 𝑥2 ⋅ e𝑥𝑦 ⋅ 𝑥 = 𝑥3 ⋅ e𝑥𝑦

Jsou‑li smíšené derivace 𝑓𝑥𝑥𝑦, 𝑓𝑥𝑦𝑥 a 𝑓𝑦𝑥𝑥 … spojité, pak jsou si v tomto bodě rovny.
Nebo‑li: 𝑓𝑥𝑥𝑦(𝒜) = 𝑓𝑥𝑦𝑥(𝒜) = 𝑓𝑦𝑥𝑥(𝒜); 𝑓𝑥𝑦𝑦(𝒜) = … .

𝑓𝑥𝑥𝑥𝑥 = 𝑦3 ⋅ e𝑥𝑦 ⋅ 𝑦 = 𝑦4 ⋅ e𝑥𝑦
𝑓𝑥𝑥𝑥𝑦 = 3𝑦2 ⋅ e𝑥𝑦 + 𝑦3 ⋅ e𝑥𝑦 ⋅ 𝑥 = (3𝑦2 + 𝑥𝑦3) ⋅ e𝑥𝑦
𝑓𝑥𝑥𝑦𝑥 = 𝑦2 ⋅ e𝑥𝑦 + (2𝑦 + 𝑥𝑦2) ⋅ e𝑥𝑦 ⋅ 𝑦 = (3𝑦2 + 𝑥𝑦3) ⋅ e𝑥𝑦
𝑓𝑥𝑥𝑦𝑦 = (2 + 2𝑥𝑦) ⋅ e𝑥𝑦 + (2𝑦 + 𝑥𝑦2) ⋅ e𝑥𝑦 ⋅ 𝑥 = (2 + 4𝑥𝑦 + 𝑥2𝑦2) ⋅ e𝑥𝑦
𝑓𝑥𝑦𝑥𝑥 = 𝑦2 ⋅ e𝑥𝑦 + (2𝑦 + 𝑥𝑦2) ⋅ e𝑥𝑦 ⋅ 𝑦 = (3𝑦2 + 𝑥𝑦3) ⋅ e𝑥𝑦
𝑓𝑥𝑦𝑥𝑦 = (2 + 2𝑥𝑦) ⋅ e𝑥𝑦 + (2𝑦 + 𝑥𝑦2) ⋅ e𝑥𝑦 ⋅ 𝑥 = (2 + 4𝑥𝑦 + 𝑥2𝑦2) ⋅ e𝑥𝑦
𝑓𝑥𝑦𝑦𝑥 = (2 + 2𝑥𝑦) ⋅ e𝑥𝑦 + (2𝑥 + 𝑥2𝑦) ⋅ e𝑥𝑦 ⋅ 𝑦 = (2 + 4𝑥𝑦 + 𝑥2𝑦2) ⋅ e𝑥𝑦
𝑓𝑥𝑦𝑦𝑦 = 𝑥2 ⋅ e𝑥𝑦 + (2𝑥 + 𝑥2𝑦) ⋅ e𝑥𝑦 ⋅ 𝑥 = (3𝑥2 + 𝑥3𝑦) ⋅ e𝑥𝑦
𝑓𝑦𝑥𝑥𝑥 = 𝑦2 ⋅ e𝑥𝑦 + (2𝑦 + 𝑥𝑦2) ⋅ e𝑥𝑦 ⋅ 𝑦 = (3𝑦2 + 𝑥𝑦3) ⋅ e𝑥𝑦
𝑓𝑦𝑥𝑥𝑦 = (2 + 2𝑥𝑦) ⋅ e𝑥𝑦 + (2𝑦 + 𝑥𝑦2) ⋅ e𝑥𝑦 ⋅ 𝑥 = (2 + 4𝑥𝑦 + 𝑥2𝑦2) ⋅ e𝑥𝑦
𝑓𝑦𝑥𝑦𝑥 = (2 + 2𝑥𝑦) ⋅ e𝑥𝑦 + (2𝑥 + 𝑥2𝑦) ⋅ e𝑥𝑦 ⋅ 𝑦 = (2 + 4𝑥𝑦 + 𝑥2𝑦2) ⋅ e𝑥𝑦
𝑓𝑦𝑥𝑦𝑦 = 𝑥2 ⋅ e𝑥𝑦 + (2𝑥 + 𝑥2𝑦) ⋅ e𝑥𝑦 ⋅ 𝑥 = (3𝑥2 + 𝑥3𝑦) ⋅ e𝑥𝑦
𝑓𝑦𝑦𝑥𝑥 = (2 + 2𝑥𝑦) ⋅ e𝑥𝑦 + (2𝑥 + 𝑥2𝑦) ⋅ e𝑥𝑦 ⋅ 𝑦 = (2 + 4𝑥𝑦 + 𝑥2𝑦2) ⋅ e𝑥𝑦
𝑓𝑦𝑦𝑥𝑦 = 𝑥2 ⋅ e𝑥𝑦 + (2𝑥 + 𝑥2𝑦) ⋅ e𝑥𝑦 ⋅ 𝑥 = (3𝑥2 + 𝑥3𝑦) ⋅ e𝑥𝑦
𝑓𝑦𝑦𝑦𝑥 = 3𝑥2 ⋅ e𝑥𝑦 + 𝑥3 ⋅ e𝑥𝑦 ⋅ 𝑦 = (3𝑥2 + 𝑥3𝑦) ⋅ e𝑥𝑦
𝑓𝑦𝑦𝑦𝑦 = 𝑥3 ⋅ e𝑥𝑦 ⋅ 𝑥 = 𝑥4 ⋅ e𝑥𝑦

Jsou‑li smíšené derivace 𝑓𝑥𝑥𝑥𝑦, 𝑓𝑥𝑥𝑦𝑥, …
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4. Napište všechny čtvrté parciálnı́ derivace funkce

𝑓(𝑥, 𝑦) = cos(𝑥𝑦) [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ]

𝑓𝑥 = − sin(𝑥𝑦) ⋅ 𝑦 = −𝑦 ⋅ sin(𝑥𝑦)
𝑓𝑦 = − sin(𝑥𝑦) ⋅ 𝑥 = −𝑥 ⋅ sin(𝑥𝑦)

𝑓𝑥𝑥 = −𝑦 ⋅ cos(𝑥𝑦) ⋅ 𝑦 = −𝑦2 ⋅ cos(𝑥𝑦)
𝑓𝑥𝑦 = −1 ⋅ sin(𝑥𝑦) − 𝑦 ⋅ cos(𝑥𝑦) ⋅ 𝑥 = − sin(𝑥𝑦) − 𝑥𝑦 ⋅ cos(𝑥𝑦)
𝑓𝑦𝑥 = −1 ⋅ sin(𝑥𝑦) − 𝑥 ⋅ cos(𝑥𝑦) ⋅ 𝑦 = − sin(𝑥𝑦) − 𝑥𝑦 ⋅ cos(𝑥𝑦)
𝑓𝑦𝑦 = −𝑥 ⋅ cos(𝑥𝑦) ⋅ 𝑥 = −𝑥2 ⋅ cos(𝑥𝑦)

𝑓𝑥𝑥𝑥 = −𝑦2 ⋅ [− sin(𝑥𝑦) ⋅ 𝑦] = 𝑦3 ⋅ sin(𝑥𝑦)
𝑓𝑥𝑥𝑦 = −2𝑦 ⋅ cos(𝑥𝑦) − 𝑦2 ⋅ [− sin(𝑥𝑦) ⋅ 𝑥] = 𝑥𝑦2 ⋅ sin(𝑥𝑦) − 2𝑦 ⋅ cos(𝑥𝑦)
𝑓𝑥𝑦𝑥 = − cos(𝑥𝑦).𝑦 − 𝑦. cos(𝑥𝑦) + 𝑥𝑦. sin(𝑥𝑦).𝑦 = 𝑥𝑦2 ⋅ sin(𝑥𝑦) − 2𝑦 ⋅ cos(𝑥𝑦)
𝑓𝑥𝑦𝑦 = − cos(𝑥𝑦).𝑥 − 𝑥. cos(𝑥𝑦) + 𝑥𝑦. sin(𝑥𝑦).𝑥 = 𝑥2𝑦 ⋅ sin(𝑥𝑦) − 2𝑥 ⋅ cos(𝑥𝑦)
𝑓𝑦𝑥𝑥 = − cos(𝑥𝑦).𝑦 − 𝑦. cos(𝑥𝑦) + 𝑥𝑦. sin(𝑥𝑦).𝑦 = 𝑥𝑦2 ⋅ sin(𝑥𝑦) − 2𝑦 ⋅ cos(𝑥𝑦)
𝑓𝑦𝑥𝑦 = − cos(𝑥𝑦).𝑥 − 𝑥. cos(𝑥𝑦) + 𝑥𝑦. sin(𝑥𝑦).𝑥 = 𝑥2𝑦 ⋅ sin(𝑥𝑦) − 2𝑥 ⋅ cos(𝑥𝑦)
𝑓𝑦𝑦𝑥 = −2𝑥 ⋅ cos(𝑥𝑦) − 𝑥2 ⋅ [− sin(𝑥𝑦) ⋅ 𝑦] = 𝑥2𝑦 ⋅ sin(𝑥𝑦) − 2𝑥 ⋅ cos(𝑥𝑦)
𝑓𝑦𝑦𝑦 = −𝑥2 ⋅ [− sin(𝑥𝑦) ⋅ 𝑥] = 𝑥3 ⋅ sin(𝑥𝑦)

𝑓𝑥𝑥𝑥𝑥 = 𝑦3 ⋅ cos(𝑥𝑦) ⋅ 𝑦 = 𝑦4 ⋅ cos(𝑥𝑦)
𝑓𝑥𝑥𝑥𝑦 = 3𝑦2 ⋅ sin(𝑥𝑦) + 𝑦3 ⋅ cos(𝑥𝑦) ⋅ 𝑥 = 3𝑦2 ⋅ sin(𝑥𝑦) + 𝑥𝑦3 ⋅ cos(𝑥𝑦)
𝑓𝑥𝑥𝑦𝑥 = 𝑦2. sin(𝑥𝑦) + 𝑥𝑦2. cos(𝑥𝑦).𝑦 + 2𝑦. sin(𝑥𝑦).𝑦 = 3𝑦2 ⋅ sin(𝑥𝑦) + 𝑥𝑦3 ⋅ cos(𝑥𝑦)
𝑓𝑥𝑥𝑦𝑦 = 2𝑥𝑦 ⋅ sin(𝑥𝑦) + 𝑥𝑦2 ⋅ cos(𝑥𝑦) ⋅ 𝑥 − 2 ⋅ cos(𝑥𝑦) − 2𝑦 ⋅ [− sin(𝑥𝑦) ⋅ 𝑥] =

= 4𝑥𝑦 ⋅ sin(𝑥𝑦) + (𝑥2𝑦2 − 2) ⋅ cos(𝑥𝑦)
𝑓𝑥𝑦𝑥𝑥 = 𝑦2. sin(𝑥𝑦) + 𝑥𝑦2. cos(𝑥𝑦).𝑦 + 2𝑦. sin(𝑥𝑦).𝑦 = 3𝑦2 ⋅ sin(𝑥𝑦) + 𝑥𝑦3 ⋅ cos(𝑥𝑦)
𝑓𝑥𝑦𝑥𝑦 = 2𝑥𝑦 ⋅ sin(𝑥𝑦) + 𝑥𝑦2 ⋅ cos(𝑥𝑦) ⋅ 𝑥 − 2 ⋅ cos(𝑥𝑦) − 2𝑦 ⋅ [− sin(𝑥𝑦) ⋅ 𝑥] =

= 4𝑥𝑦 ⋅ sin(𝑥𝑦) + (𝑥2𝑦2 − 2) ⋅ cos(𝑥𝑦)
𝑓𝑥𝑦𝑦𝑥 = 2𝑥𝑦 ⋅ sin(𝑥𝑦) + 𝑥2𝑦 ⋅ cos(𝑥𝑦) ⋅ 𝑦 − 2 ⋅ cos(𝑥𝑦) − 2𝑥 ⋅ [− sin(𝑥𝑦) ⋅ 𝑦] =

= 4𝑥𝑦 ⋅ sin(𝑥𝑦) + (𝑥2𝑦2 − 2) ⋅ cos(𝑥𝑦)
𝑓𝑥𝑦𝑦𝑦 = 𝑥2. sin(𝑥𝑦) + 𝑥2𝑦. cos(𝑥𝑦) ⋅ 𝑥 + 2𝑥. sin(𝑥𝑦).𝑥 = 3𝑥2 ⋅ sin(𝑥𝑦) + 𝑥3𝑦 ⋅ cos(𝑥𝑦)
𝑓𝑦𝑥𝑥𝑥 = 𝑦2. sin(𝑥𝑦) + 𝑥𝑦2. cos(𝑥𝑦).𝑦 + 2𝑦. sin(𝑥𝑦).𝑦 = 3𝑦2 ⋅ sin(𝑥𝑦) + 𝑥𝑦3 ⋅ cos(𝑥𝑦)
𝑓𝑦𝑥𝑥𝑦 = 2𝑥𝑦 ⋅ sin(𝑥𝑦) + 𝑥𝑦2 ⋅ cos(𝑥𝑦) ⋅ 𝑥 − 2 ⋅ cos(𝑥𝑦) − 2𝑦 ⋅ [− sin(𝑥𝑦) ⋅ 𝑥] =

= 4𝑥𝑦 ⋅ sin(𝑥𝑦) + (𝑥2𝑦2 − 2) ⋅ cos(𝑥𝑦)
𝑓𝑦𝑥𝑦𝑥 = 2𝑥𝑦 ⋅ sin(𝑥𝑦) + 𝑥2𝑦 ⋅ cos(𝑥𝑦) ⋅ 𝑦 − 2 ⋅ cos(𝑥𝑦) − 2𝑥 ⋅ [− sin(𝑥𝑦) ⋅ 𝑦] =

= 4𝑥𝑦 ⋅ sin(𝑥𝑦) + (𝑥2𝑦2 − 2) ⋅ cos(𝑥𝑦)
𝑓𝑦𝑥𝑦𝑦 = 𝑥2. sin(𝑥𝑦) + 𝑥2𝑦. cos(𝑥𝑦) ⋅ 𝑥 + 2𝑥. sin(𝑥𝑦).𝑥 = 3𝑥2 ⋅ sin(𝑥𝑦) + 𝑥3𝑦 ⋅ cos(𝑥𝑦)
𝑓𝑦𝑦𝑥𝑥 = 2𝑥𝑦 ⋅ sin(𝑥𝑦) + 𝑥2𝑦 ⋅ cos(𝑥𝑦) ⋅ 𝑦 − 2 ⋅ cos(𝑥𝑦) − 2𝑥 ⋅ [− sin(𝑥𝑦) ⋅ 𝑦] =

= 4𝑥𝑦 ⋅ sin(𝑥𝑦) + (𝑥2𝑦2 − 2) ⋅ cos(𝑥𝑦)
𝑓𝑦𝑦𝑥𝑦 = 𝑥2. sin(𝑥𝑦) + 𝑥2𝑦. cos(𝑥𝑦) ⋅ 𝑥 + 2𝑥. sin(𝑥𝑦).𝑥 = 3𝑥2 ⋅ sin(𝑥𝑦) + 𝑥3𝑦 ⋅ cos(𝑥𝑦)
𝑓𝑦𝑦𝑦𝑥 = 3𝑥2 ⋅ sin(𝑥𝑦) + 𝑥3 ⋅ cos(𝑥𝑦) ⋅ 𝑦 = 3𝑥2 ⋅ sin(𝑥𝑦) + 𝑥3𝑦 ⋅ cos(𝑥𝑦)
𝑓𝑦𝑦𝑦𝑦 = 𝑥3 ⋅ cos(𝑥𝑦) ⋅ 𝑥 = 𝑥4 ⋅ cos(𝑥𝑦)
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5. Napište všechny třetı́ parciálnı́ derivace funkce

𝑓(𝑥, 𝑦) = sin(𝑥2 + 𝑦2) [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ]

𝑓𝑥 = cos(𝑥2 + 𝑦2) ⋅ 2𝑥 = 2𝑥 ⋅ cos(𝑥2 + 𝑦2)
𝑓𝑦 = cos(𝑥2 + 𝑦2) ⋅ 2𝑦 = 2𝑦 ⋅ cos(𝑥2 + 𝑦2)

𝑓𝑥𝑥 = 2. cos(𝑥2 + 𝑦2) − 2𝑥. sin(𝑥2 + 𝑦2).2𝑥 = 2 ⋅ cos(𝑥2 + 𝑦2) − 4𝑥2 ⋅ sin(𝑥2 + 𝑦2)
𝑓𝑥𝑦 = −2𝑥 ⋅ sin(𝑥2 + 𝑦2) ⋅ 2𝑦 = −4𝑥𝑦 ⋅ sin(𝑥2 + 𝑦2)
𝑓𝑦𝑥 = −2𝑦 ⋅ sin(𝑥2 + 𝑦2) ⋅ 2𝑥 = −4𝑥𝑦 ⋅ sin(𝑥2 + 𝑦2)
𝑓𝑦𝑦 = 2. cos(𝑥2 + 𝑦2) − 2𝑦. sin(𝑥2 + 𝑦2).2𝑦 = 2 ⋅ cos(𝑥2 + 𝑦2) − 4𝑦2 ⋅ sin(𝑥2 + 𝑦2)

𝑓𝑥𝑥𝑥 = −2 ⋅ sin(𝑥2 + 𝑦2) ⋅ 2𝑥 − 8𝑥 ⋅ sin(𝑥2 + 𝑦2) − 4𝑥2 ⋅ cos(𝑥2 + 𝑦2) ⋅ 2𝑥 =
= −12𝑥 ⋅ sin(𝑥2 + 𝑦2) − 8𝑥3 ⋅ cos(𝑥2 + 𝑦2)

𝑓𝑥𝑥𝑦 = −2 ⋅ sin(𝑥2 + 𝑦2) ⋅ 2𝑦 − 4𝑥2 ⋅ cos(𝑥2 + 𝑦2) ⋅ 2𝑦 =
= −4𝑦 ⋅ sin(𝑥2 + 𝑦2) − 8𝑥2𝑦 ⋅ cos(𝑥2 + 𝑦2)

𝑓𝑥𝑦𝑥 = −4𝑦 ⋅ sin(𝑥2 + 𝑦2) − 4𝑥𝑦 ⋅ cos(𝑥2 + 𝑦2) ⋅ 2𝑥 =
= −4𝑦 ⋅ sin(𝑥2 + 𝑦2) − 8𝑥2𝑦 ⋅ cos(𝑥2 + 𝑦2)

𝑓𝑥𝑦𝑦 = −4𝑥 ⋅ sin(𝑥2 + 𝑦2) − 4𝑥𝑦 ⋅ cos(𝑥2 + 𝑦2) ⋅ 2𝑦 =
= −4𝑥 ⋅ sin(𝑥2 + 𝑦2) − 8𝑥𝑦2 ⋅ cos(𝑥2 + 𝑦2)

𝑓𝑦𝑥𝑥 = −4𝑦 ⋅ sin(𝑥2 + 𝑦2) − 4𝑥𝑦 ⋅ cos(𝑥2 + 𝑦2) ⋅ 2𝑥 =
= −4𝑦 ⋅ sin(𝑥2 + 𝑦2) − 8𝑥2𝑦 ⋅ cos(𝑥2 + 𝑦2)

𝑓𝑦𝑥𝑦 = −4𝑥 ⋅ sin(𝑥2 + 𝑦2) − 4𝑥𝑦 ⋅ cos(𝑥2 + 𝑦2) ⋅ 2𝑦 =
= −4𝑥 ⋅ sin(𝑥2 + 𝑦2) − 8𝑥𝑦2 ⋅ cos(𝑥2 + 𝑦2)

𝑓𝑦𝑦𝑥 = −2 ⋅ sin(𝑥2 + 𝑦2) ⋅ 2𝑥 − 4𝑦2 ⋅ cos(𝑥2 + 𝑦2) ⋅ 2𝑥 =
= −4𝑥 ⋅ sin(𝑥2 + 𝑦2) − 8𝑥𝑦2 ⋅ cos(𝑥2 + 𝑦2)

𝑓𝑦𝑦𝑦 = −2 ⋅ sin(𝑥2 + 𝑦2) ⋅ 2𝑦 − 8𝑦 ⋅ sin(𝑥2 + 𝑦2) − 4𝑦2 ⋅ cos(𝑥2 + 𝑦2) ⋅ 2𝑦 =
= −12𝑦 ⋅ sin(𝑥2 + 𝑦2) − 8𝑦3 ⋅ cos(𝑥2 + 𝑦2)
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6. Napište všechny druhé parciálnı́ derivace funkce

𝑓(𝑥, 𝑦, 𝑧) = (𝑦2 + 3𝑧) ⋅ sin(4𝑥𝑧) [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ ; 𝑧 ∈ ℝ]

𝑓𝑥 = (𝑦2 + 3𝑧) ⋅ [cos(4𝑥𝑧) ⋅ 4𝑧] = (4𝑦2𝑧 + 12𝑧2) ⋅ cos(4𝑥𝑧)
𝑓𝑦 = 2𝑦 ⋅ sin(4𝑥𝑧)
𝑓𝑧 = 3. sin(4𝑥𝑧) + (𝑦2 + 3𝑧).[cos(4𝑥𝑧).4𝑥] = 3 sin(4𝑥𝑧) + (4𝑥𝑦2 + 12𝑥𝑧) ⋅ cos(4𝑥𝑧)

𝑓𝑥𝑥 = (4𝑦2𝑧 + 12𝑧2) ⋅ [− sin(4𝑥𝑧) ⋅ 4𝑧]
𝑓𝑥𝑦 = 8𝑦𝑧 ⋅ cos(4𝑥𝑧)
𝑓𝑥𝑧 = (4𝑦2 + 24𝑧) ⋅ cos(4𝑥𝑧) + (4𝑦2𝑧 + 12𝑧2) ⋅ [− sin(4𝑥𝑧) ⋅ 4𝑥]
𝑓𝑦𝑥 = 2𝑦 ⋅ [cos(4𝑥𝑧) ⋅ 4𝑧]
𝑓𝑦𝑦 = 2 ⋅ sin(4𝑥𝑧)
𝑓𝑦𝑧 = 2𝑦 ⋅ [cos(4𝑥𝑧) ⋅ 4𝑥]
𝑓𝑧𝑥 = 3 ⋅ [cos(4𝑥𝑧) ⋅ 4𝑧] + (4𝑦2 + 12𝑧) ⋅ cos(4𝑥𝑧) + (4𝑥𝑦2 + 12𝑥𝑧) ⋅ [− sin(4𝑥𝑧) ⋅ 4𝑧]
𝑓𝑧𝑦 = 8𝑥𝑦 ⋅ cos(4𝑥𝑧)
𝑓𝑧𝑧 = 3 ⋅ [cos(4𝑥𝑧) ⋅ 4𝑥] + 12𝑥 ⋅ cos(4𝑥𝑧) + (4𝑥𝑦2 + 12𝑥𝑧) ⋅ [− sin(4𝑥𝑧) ⋅ 4𝑥]

7. Napište všechny druhé parciálnı́ derivace funkce

𝑓(𝑥, 𝑦, 𝑧) = (𝑧2 + 3𝑦) ⋅ cos(4𝑥𝑦) [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ ; 𝑧 ∈ ℝ]

𝑓𝑥 = (𝑧2 + 3𝑦) ⋅ [− sin(4𝑥𝑦) ⋅ 4𝑦] = (−4𝑦𝑧2 − 12𝑦2) ⋅ sin(4𝑥𝑦)
𝑓𝑦 = 3 cos(4𝑥𝑦) + (𝑧2+3𝑦).[− sin(4𝑥𝑦).4𝑥] = (−4𝑥𝑧2 − 12𝑥𝑦). sin(4𝑥𝑦) + 3. cos(4𝑥𝑦)
𝑓𝑧 = 2𝑧 ⋅ cos(4𝑥𝑦)

𝑓𝑥𝑥 = (−4𝑦𝑧2 − 12𝑦2) ⋅ [cos(4𝑥𝑦) ⋅ 4𝑦]
𝑓𝑥𝑦 = (−4𝑧2 − 24𝑦) ⋅ sin(4𝑥𝑦) + (−4𝑦𝑧2 − 12𝑦2) ⋅ [cos(4𝑥𝑦) ⋅ 4𝑥]
𝑓𝑥𝑧 = −8𝑦𝑧 ⋅ sin(4𝑥𝑦)
𝑓𝑦𝑥 = (−4𝑧2−12𝑦) ⋅ sin(4𝑥𝑦) + (−4𝑥𝑧2 − 12𝑥𝑦) ⋅ [cos(4𝑥𝑦).4𝑦] + 3 ⋅ [− sin(4𝑥𝑦).4𝑦]
𝑓𝑦𝑦 = −12𝑥 ⋅ sin(4𝑥𝑦) + (−4𝑥𝑧2 − 12𝑥𝑦) ⋅ [cos(4𝑥𝑦) ⋅ 4𝑥] + 3 ⋅ [− sin(4𝑥𝑦) ⋅ 4𝑥]
𝑓𝑦𝑧 = −8𝑥𝑧 ⋅ sin(4𝑥𝑦)
𝑓𝑧𝑥 = 2𝑧 ⋅ [− sin(4𝑥𝑦) ⋅ 4𝑦]
𝑓𝑧𝑦 = 2𝑧 ⋅ [− sin(4𝑥𝑦) ⋅ 4𝑥]
𝑓𝑧𝑧 = 2 ⋅ cos(4𝑥𝑦)
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8. Napište všechny druhé parciálnı́ derivace funkce

𝑓(𝑥, 𝑦, 𝑧) = (𝑥2 + 3𝑦) ⋅ e4𝑦𝑧 [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ ; 𝑧 ∈ ℝ]

𝑓𝑥 = 2𝑥 ⋅ e4𝑦𝑧
𝑓𝑦 = 3 ⋅ e4𝑦𝑧 + (𝑥2 + 3𝑦) ⋅ [e4𝑦𝑧 ⋅ 4𝑧] = (3 + 4𝑥2𝑧 + 12𝑦𝑧) ⋅ e4𝑦𝑧
𝑓𝑧 = (𝑥2 + 3𝑦) ⋅ [e4𝑦𝑧 ⋅ 4𝑦] = (4𝑥2𝑦 + 12𝑦2) ⋅ e4𝑦𝑧

𝑓𝑥𝑥 = 2 ⋅ e4𝑦𝑧
𝑓𝑥𝑦 = 2𝑥 ⋅ [e4𝑦𝑧 ⋅ 4𝑧]
𝑓𝑥𝑧 = 2𝑥 ⋅ [e4𝑦𝑧 ⋅ 4𝑦]
𝑓𝑦𝑥 = 8𝑥𝑧 ⋅ e4𝑦𝑧
𝑓𝑦𝑦 = 12𝑧 ⋅ e4𝑦𝑧 + (3 + 4𝑥2𝑧 + 12𝑦𝑧) ⋅ [e4𝑦𝑧 ⋅ 4𝑧]
𝑓𝑦𝑧 = (4𝑥2 + 12𝑦) ⋅ e4𝑦𝑧 + (3 + 4𝑥2𝑧 + 12𝑦𝑧) ⋅ [e4𝑦𝑧 ⋅ 4𝑦]
𝑓𝑧𝑥 = 8𝑥𝑦 ⋅ e4𝑦𝑧
𝑓𝑧𝑦 = (4𝑥2 + 24𝑦) ⋅ e4𝑦𝑧 + (4𝑥2𝑦 + 12𝑦2) ⋅ [e4𝑦𝑧 ⋅ 4𝑧]
𝑓𝑧𝑧 = (4𝑥2𝑦 + 12𝑦2) ⋅ [e4𝑦𝑧 ⋅ 4𝑦]
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