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1. Langrangeův interpolační mnohočlen (polynom)
je jednı́m ze známějšı́ch a také „snadných“ způsobů interpolace funkce zadané pouze v (nemnoha) dis-
krétnı́ch bodech. Nazýváme je uzlové body a požadujeme po nich, abyměly různé hodnoty x . Typickým
přı́kladem je funkce 𝑓 zadaná tabulkou, ať již tato tabulka vznikla jako výsledek nějakéhoměřenı́, či zda
jde o tabulku hodnot některé standardnı́ funkce zı́skanou matematickými výpočty.

Lagrangeův L(𝑥) mnohočlen má tvar:

𝐿(𝑥) =



ୀଵ

𝑦 ⋅ 𝐿(𝑥) (1)

kde

𝐿 =

(௫)
ᇩᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇪᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇫ(𝑥 − 𝑥ଵ) ⋅ (𝑥 − 𝑥ଶ) ⋅ … ⋅ (𝑥 − 𝑥ିଵ) ⋅ (𝑥 − 𝑥ାଵ) ⋅ … ⋅ (𝑥 − 𝑥ିଵ) ⋅ (𝑥 − 𝑥)

(𝑥 − 𝑥ଵ) ⋅ (𝑥 − 𝑥ଶ) ⋅ … ⋅ (𝑥 − 𝑥ିଵ) ⋅ (𝑥 − 𝑥ାଵ) ⋅ … ⋅ (𝑥 − 𝑥ିଵ) ⋅ (𝑥 − 𝑥)ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
(௫)

Všimněte si, že jak v čitateli, tak ve jmenovateli je pro i vynechána závorka, ve které bychom měli
odečı́tat člen x .

Použitı́ zdánlivě „nezapamatovatelného“ vzorce si ukážeme na konkrétnı́m přı́kladu L 1.1.
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Příklad 1.1. Máme dány čtyři body
𝑥 −9 −4 −1 7
𝑦 5 2 −2 9 , tedy 𝑛 = 4.

Řešení: 𝐿(𝑥) = 𝑦ଵ ⋅ 𝐿ଵ(𝑥) + 𝑦ଶ ⋅ 𝐿ଶ(𝑥) + 𝑦ଷ ⋅ 𝐿ଷ(𝑥) + 𝑦ସ ⋅ 𝐿ସ(𝑥) Zbývá určit jednotlivé zlomky 𝐿(𝑥).

Obrázek 1: Konstrukce Lagrangeova interpolačnı́ho polynomu (černá křivka)
𝑥 −9 −4 −1 7

𝑦ଵ ⋅ 𝐿ଵ(𝑥) 5 ୀ(ହ)⋅ଵ 0 ୀ(ହ)⋅ 0 ୀ(ହ)⋅ 0 ୀ(ହ)⋅
𝑥 −9 −4 −1 7

𝑦ଶ ⋅ 𝐿ଶ(𝑥) 0 2 0 0
𝐿ଵ(−9) = 1; 𝐿ଵ(−4) = 0;
𝐿ଵ(−1) = 0; 𝐿ଵ(7) = 0

𝑥 -9 -4 -1 7
𝑦ଷ ⋅ 𝐿ଷ(𝑥) 0 0 -2 0

𝑥 −9 −4 −1 7
𝑦ସ ⋅ 𝐿ସ(𝑥) 0 0 0 9

podmı́nky výsledná funkce
𝐿ଵ(−9) = 1 𝐿ଵ(𝑥) = 1
𝐿ଵ(−9) = 1
𝐿ଵ(−4) = 0 𝐿ଵ = 1 ⋅ 𝑥 − (−4)

(−9) − (−4)
𝐿ଵ(−9) = 1
𝐿ଵ(−4) = 0
𝐿ଵ(−1) = 0

𝐿ଵ =
𝑥 − (−4)

(−9) − (−4) ⋅
𝑥 − (−1)

(−9) − (−1)
𝐿ଵ(−9) = 1
𝐿ଵ(−4) = 0
𝐿ଵ(−1) = 0
𝐿ଵ ( 7 ) = 0

𝐿ଵ =
𝑥 − (−4)

(−9) − (−4) ⋅
𝑥 − (−1)

(−9) − (−1) ⋅
𝑥 − (7)

(−9) − (7)

𝑥 −9 −4 −1 7
𝑦 5 2 −2 9 𝐿(𝑥) = 𝑦ଵ ⋅ 𝐿ଵ(𝑥) + 𝑦ଶ ⋅ 𝐿ଶ(𝑥) + 𝑦ଷ ⋅ 𝐿ଷ(𝑥) + 𝑦ସ ⋅ 𝐿ସ(𝑥)
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𝑥 −9 −4 −1 7

𝑦 5 2 −2 9

Pro 𝑖 = 1 je 𝑥ଵ = −9 , 𝑦ଵ = 5 ;
pro 𝑖 = 2 je 𝑥ଶ = −4 , 𝑦ଶ = 2 ;
…

𝐿ଵ =
[𝑥 − (−4)] ⋅ [𝑥 − (−1)] ⋅ [𝑥 − (7)]

[(−9) − (−4)] ⋅ [(−9) − (−1)] ⋅ [(−9) − (7)] =
(௫మାହ௫ାସ)⋅(௫ି)
(ିହ)⋅(ି଼)⋅(ିଵ) = −1

640 ⋅ (𝑥
ଷ − 2𝑥ଶ − 31𝑥 − 28)

𝐿ଶ =
[𝑥 − (−9)] ⋅ [𝑥 − (−1)] ⋅ [𝑥 − (7)]

[(−4) − (−9)] ⋅ [(−4) − (−1)] ⋅ [(−4) − (7)] =
(௫మାଵ௫ାଽ)⋅(௫ି)
(ହ)⋅(ିଷ)⋅(ିଵଵ) = 1

165 ⋅ (𝑥
ଷ+3𝑥ଶ−61𝑥 −63)

𝐿ଷ =
[𝑥 − (−9)] ⋅ [𝑥 − (−4)] ⋅ [𝑥 − (7)]

[(−1) − (−9)] ⋅ [(−1) − (−4)] ⋅ [(−1) − (7)] =
(௫మାଵଷ௫ାଷ)⋅(௫ି)

(଼)⋅(ଷ)⋅(ି଼) = −1
192 ⋅(𝑥

ଷ+6𝑥ଶ−55𝑥−252)

𝐿ସ =
[𝑥 − (−9)] ⋅ [𝑥 − (−4)] ⋅ [𝑥 − (−1)]

[(7) − (−9)] ⋅ [(7) − (−4)] ⋅ [(7) − (−1)] =
(௫మାଵଷ௫ାଷ)⋅(௫ାଵ)

(ଵ)⋅(ଵଵ)⋅(଼) = 1
1408 ⋅ (𝑥

ଷ+14𝑥ଶ+49𝑥+36)

Výsledný interpolačnı́ mnohočlen v Lagrangeově tvaru je potom

𝐿(𝑥) = 𝑦ଵ ⋅ 𝐿ଵ(𝑥) + 𝑦ଶ ⋅ 𝐿ଶ(𝑥) + 𝑦ଷ ⋅ 𝐿ଷ(𝑥) + 𝑦ସ ⋅ 𝐿ସ(𝑥) = 5 ⋅ −1640 ⋅ (𝑥
ଷ − 2𝑥ଶ − 31𝑥 − 28)+

+2⋅ 1
165 ⋅(𝑥

ଷ+3𝑥ଶ−61𝑥−63)+(−2)⋅ −1192 ⋅(𝑥
ଷ+6𝑥ଶ−55𝑥−252)+9⋅ 1

1408 ⋅(𝑥
ଷ+14𝑥ଶ+49𝑥+36) =

= ቈ5 ⋅ −1640 + 2 ⋅ 1
165 + (−2) ⋅ −1192 + 9 ⋅ 1

1408 ⋅ 𝑥
ଷ + […] ⋅ 𝑥ଶ + […] ⋅ 𝑥 + […] ≐

≐ 0,021 𝑥3 + 0,204 𝑥2 − 0,757 𝑥 − 2,94
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𝐿(𝑥) = 𝑦ଵ ⋅ 𝐿ଵ(𝑥) + 𝑦ଶ ⋅ 𝐿ଶ(𝑥) + 𝑦ଷ ⋅ 𝐿ଷ(𝑥) + 𝑦ସ ⋅ 𝐿ସ(𝑥) = 5 ⋅ −1640 ⋅ (𝑥
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𝐿(𝑥) = 𝑦ଵ ⋅ 𝐿ଵ(𝑥) + 𝑦ଶ ⋅ 𝐿ଶ(𝑥) + 𝑦ଷ ⋅ 𝐿ଷ(𝑥) + 𝑦ସ ⋅ 𝐿ସ(𝑥) = 5 ⋅ −1640 ⋅ (𝑥
ଷ − 2𝑥ଶ − 31𝑥 − 28)+

+2⋅ 1
165 ⋅(𝑥

ଷ+3𝑥ଶ−61𝑥−63)+(−2)⋅ −1192 ⋅(𝑥
ଷ+6𝑥ଶ−55𝑥−252)+9⋅ 1

1408 ⋅(𝑥
ଷ+14𝑥ଶ+49𝑥+36) =

= ቈ5 ⋅ −1640 + 2 ⋅ 1
165 + (−2) ⋅ −1192 + 9 ⋅ 1

1408 ⋅ 𝑥
ଷ + […] ⋅ 𝑥ଶ + […] ⋅ 𝑥 + […] ≐

≐ 0,021 𝑥3 + 0,204 𝑥2 − 0,757 𝑥 − 2,94
Obsah Literatura First Prev Next Last Go Back FullScreen
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Příklad 1.2. — Lagrangeův tvar interpolačního mnohočlenu
Jsou dány 4 body: [−1 ; − 4], [0 ; − 1], [1 ; 0], [2 ; 5]. Určete mnohočlen, který všemi procházı́.

Nejprve si souřadnice přepı́šeme do následujı́cı́ tabulky: 𝑥 −1 0 1 2

𝑦 −4 −1 0 5

𝐿ଵ =
[𝑥 − (0)] ⋅ [𝑥 − (1)] ⋅ [𝑥 − (2)]

[(−1) − (0)] ⋅ [(−1) − (1)] ⋅ [(−1) − (2)] =
𝑥 ⋅ (𝑥ଶ − 3𝑥 + 2)
(−1) ⋅ (−2) ⋅ (−3) =

−1
6 ⋅ (𝑥ଷ − 3𝑥ଶ + 2𝑥)

𝐿ଶ =
[𝑥 − (−1)] ⋅ [𝑥 − (1)] ⋅ [𝑥 − (2)]

[(0) − (−1)] ⋅ [(0) − (1)] ⋅ [(0) − (2)] =
(𝑥ଶ − 1) ⋅ (𝑥 − 2)
(1) ⋅ (−1) ⋅ (−2) = 1

2 ⋅ (𝑥
ଷ − 2𝑥ଶ − 𝑥 + 2)

𝐿ଷ =
[𝑥 − (−1)] ⋅ [𝑥 − (0)] ⋅ [𝑥 − (2)]

[(1) − (−1)] ⋅ [(1) − (0)] ⋅ [(1) − (2)] =
(𝑥ଶ − 𝑥 − 2) ⋅ 𝑥
(2) ⋅ (1) ⋅ (−1) = −1

2 ⋅ (𝑥ଷ − 𝑥ଶ − 2𝑥)

𝐿ସ =
[𝑥 − (−1)] ⋅ [𝑥 − (0)] ⋅ [𝑥 − (1)]

[(2) − (−1)] ⋅ [(2) − (0)] ⋅ [(2) − (1)] =
(𝑥ଶ − 1) ⋅ 𝑥
(3) ⋅ (2) ⋅ (1) =

1
6 ⋅ (𝑥

ଷ − 𝑥)

VýslednýLagrangeův interpolačnı́ mnohočlen je potom
𝐿(𝑥) = 𝑦ଵ ⋅ 𝐿ଵ(𝑥) + 𝑦ଶ ⋅ 𝐿ଶ(𝑥) + 𝑦ଷ ⋅ 𝐿ଷ(𝑥) + 𝑦ସ ⋅ 𝐿ସ(𝑥) = (−4) ⋅ −16 ⋅ (𝑥ଷ − 3𝑥ଶ + 2𝑥)+

+(−1) ⋅ 12 ⋅ (𝑥
ଷ − 2𝑥ଶ − 𝑥 + 2) + 0 ⋅ −12 ⋅ (𝑥ଷ − 𝑥ଶ − 2𝑥) + 5 ⋅ 16 ⋅ (𝑥

ଷ − 𝑥) =

= ቂସ −
ଵ
ଶ +

ହ
ቃ ⋅ 𝑥

ଷ + ቂିଵଶ + ଶ
ଶቃ ⋅ 𝑥

ଶ + ቂ଼ +
ଵ
ଶ +

ିହ
 ቃ ⋅ 𝑥 + ቂିଶଶ ቃ =

= ቂସିଷାହ ቃ ⋅ 𝑥ଷ + (−2 + 1) ⋅ 𝑥ଶ + ቂ଼ାଷିହ ቃ ⋅ 𝑥 − 1 = 𝑥3 − 𝑥2 + 𝑥 − 1
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Příklad 1.2. — Lagrangeův tvar interpolačního mnohočlenu
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𝑥 ⋅ (𝑥ଶ − 3𝑥 + 2)
(−1) ⋅ (−2) ⋅ (−3) =

−1
6 ⋅ (𝑥ଷ − 3𝑥ଶ + 2𝑥)

𝐿ଶ =
[𝑥 − (−1)] ⋅ [𝑥 − (1)] ⋅ [𝑥 − (2)]

[(0) − (−1)] ⋅ [(0) − (1)] ⋅ [(0) − (2)] =
(𝑥ଶ − 1) ⋅ (𝑥 − 2)
(1) ⋅ (−1) ⋅ (−2) = 1

2 ⋅ (𝑥
ଷ − 2𝑥ଶ − 𝑥 + 2)

𝐿ଷ =
[𝑥 − (−1)] ⋅ [𝑥 − (0)] ⋅ [𝑥 − (2)]

[(1) − (−1)] ⋅ [(1) − (0)] ⋅ [(1) − (2)] =
(𝑥ଶ − 𝑥 − 2) ⋅ 𝑥
(2) ⋅ (1) ⋅ (−1) = −1

2 ⋅ (𝑥ଷ − 𝑥ଶ − 2𝑥)

𝐿ସ =
[𝑥 − (−1)] ⋅ [𝑥 − (0)] ⋅ [𝑥 − (1)]

[(2) − (−1)] ⋅ [(2) − (0)] ⋅ [(2) − (1)] =
(𝑥ଶ − 1) ⋅ 𝑥
(3) ⋅ (2) ⋅ (1) =

1
6 ⋅ (𝑥

ଷ − 𝑥)

VýslednýLagrangeův interpolačnı́ mnohočlen je potom
𝐿(𝑥) = 𝑦ଵ ⋅ 𝐿ଵ(𝑥) + 𝑦ଶ ⋅ 𝐿ଶ(𝑥) + 𝑦ଷ ⋅ 𝐿ଷ(𝑥) + 𝑦ସ ⋅ 𝐿ସ(𝑥) = (−4) ⋅ −16 ⋅ (𝑥ଷ − 3𝑥ଶ + 2𝑥)+

+(−1) ⋅ 12 ⋅ (𝑥
ଷ − 2𝑥ଶ − 𝑥 + 2) + 0 ⋅ −12 ⋅ (𝑥ଷ − 𝑥ଶ − 2𝑥) + 5 ⋅ 16 ⋅ (𝑥

ଷ − 𝑥) =

= ቂସ −
ଵ
ଶ +

ହ
ቃ ⋅ 𝑥

ଷ + ቂିଵଶ + ଶ
ଶቃ ⋅ 𝑥

ଶ + ቂ଼ +
ଵ
ଶ +

ିହ
 ቃ ⋅ 𝑥 + ቂିଶଶ ቃ =

= ቂସିଷାହ ቃ ⋅ 𝑥ଷ + (−2 + 1) ⋅ 𝑥ଶ + ቂ଼ାଷିହ ቃ ⋅ 𝑥 − 1 = 𝑥3 − 𝑥2 + 𝑥 − 1
Obsah Literatura First Prev Next Last Go Back FullScreen
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Příklad 1.2. — Lagrangeův tvar interpolačního mnohočlenu
Jsou dány 4 body: [−1 ; − 4], [0 ; − 1], [1 ; 0], [2 ; 5]. Určete mnohočlen, který všemi procházı́.
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𝑦 −4 −1 0 5

𝐿ଵ =
[𝑥 − (0)] ⋅ [𝑥 − (1)] ⋅ [𝑥 − (2)]

[(−1) − (0)] ⋅ [(−1) − (1)] ⋅ [(−1) − (2)] =
𝑥 ⋅ (𝑥ଶ − 3𝑥 + 2)
(−1) ⋅ (−2) ⋅ (−3) =

−1
6 ⋅ (𝑥ଷ − 3𝑥ଶ + 2𝑥)

𝐿ଶ =
[𝑥 − (−1)] ⋅ [𝑥 − (1)] ⋅ [𝑥 − (2)]

[(0) − (−1)] ⋅ [(0) − (1)] ⋅ [(0) − (2)] =
(𝑥ଶ − 1) ⋅ (𝑥 − 2)
(1) ⋅ (−1) ⋅ (−2) = 1

2 ⋅ (𝑥
ଷ − 2𝑥ଶ − 𝑥 + 2)

𝐿ଷ =
[𝑥 − (−1)] ⋅ [𝑥 − (0)] ⋅ [𝑥 − (2)]

[(1) − (−1)] ⋅ [(1) − (0)] ⋅ [(1) − (2)] =
(𝑥ଶ − 𝑥 − 2) ⋅ 𝑥
(2) ⋅ (1) ⋅ (−1) = −1

2 ⋅ (𝑥ଷ − 𝑥ଶ − 2𝑥)

𝐿ସ =
[𝑥 − (−1)] ⋅ [𝑥 − (0)] ⋅ [𝑥 − (1)]

[(2) − (−1)] ⋅ [(2) − (0)] ⋅ [(2) − (1)] =
(𝑥ଶ − 1) ⋅ 𝑥
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Příklad 1.3. — Lagrangeův tvar interpolačního mnohočlenu

Jsou dány 3 body
𝑥 −1 0 1,5 0,5

𝑦 2,25 0,25 1 −0,5
Určete mnohočlen, který všemi procházı́.

𝐿ଵ =
[𝑥 − (0)] ⋅ [𝑥 − (1,5)]

[(−1) − (0)] ⋅ [(−1) − (1,5)] =
1
2,5 ⋅ (𝑥

ଶ − 1,5 𝑥) ⋅ 𝑥 − 0,5
−1 − 0,5

𝐿ଶ =
[𝑥 − (−1)] ⋅ [𝑥 − (1,5)]

[(0) − (−1)] ⋅ [(0) − (1,5)] =
−1
1,5 ⋅ (𝑥

ଶ − 0,5 𝑥 − 1,5) ⋅ 𝑥 − 0,5
0 − 0,5

𝐿ଷ =
[𝑥 − (−1)] ⋅ [𝑥 − (0)]

[(1,5) − (−1)] ⋅ [(1,5) − (0)] =
1

3,75 ⋅ (𝑥
ଶ + 𝑥) ⋅ 𝑥 − 0,5

1,5 − 0,5

𝐿ସ =
[𝑥 − (−1)] ⋅ [𝑥 − (0)] ⋅ [𝑥 − (1,5)]

[(0,5) − (−1)] ⋅ [(0,5) − (0)] ⋅ [(0,5) − (1)]

Lagrangeův interpolačnı́ mnohočlen: 𝐿(𝑥) = 𝑦ଵ ⋅ 𝐿ଵ(𝑥) + 𝑦ଶ ⋅ 𝐿ଶ(𝑥) + 𝑦ଷ ⋅ 𝐿ଷ(𝑥) =

(2,25) ⋅ 1
2,5 ⋅ (𝑥

ଶ − 1,5 𝑥) + (0,25) ⋅ −11,5 ⋅ (𝑥
ଶ − 0,5 𝑥 − 1,5) + 1 ⋅ 1

3,75 ⋅ (𝑥
ଶ + 𝑥) =

= ቂଶ,ଶହଶ,ହ + ି,ଶହ
ଵ,ହ + ଵ

ଷ,ହቃ ⋅ 𝑥
ଶ + ቂଶ,ଶହ⋅(ିଵ,ହ)ଶ,ହ + ,ଶହ⋅,ହ

ଵ,ହ + ଵ
ଷ,ହቃ ⋅ 𝑥 + ቂ,ଶହ⋅ଵ,ହଵ,ହ ቃ = = 𝑥2 − 𝑥 + 0,25

A co když vznikne požadavek, aby mnohočlen procházel ještě dalšı́m bodem? Pak musı́me výpočty
následovně doplnit.

𝐿(𝑥) = 𝑦ଵ ⋅ 𝐿ଵ(𝑥) + 𝑦ଶ ⋅ 𝐿ଶ(𝑥) + 𝑦ଷ ⋅ 𝐿ଷ(𝑥) + 𝑦ସ ⋅ 𝐿ସ(𝑥)
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Příklad 1.3. — Lagrangeův tvar interpolačního mnohočlenu

Jsou dány 3 body
𝑥 −1 0 1,5 0,5

𝑦 2,25 0,25 1 −0,5
Určete mnohočlen, který všemi procházı́.
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[𝑥 − (0)] ⋅ [𝑥 − (1,5)]

[(−1) − (0)] ⋅ [(−1) − (1,5)] =
1
2,5 ⋅ (𝑥

ଶ − 1,5 𝑥) ⋅ 𝑥 − 0,5
−1 − 0,5

𝐿ଶ =
[𝑥 − (−1)] ⋅ [𝑥 − (1,5)]

[(0) − (−1)] ⋅ [(0) − (1,5)] =
−1
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ଶ − 0,5 𝑥 − 1,5) ⋅ 𝑥 − 0,5
0 − 0,5

𝐿ଷ =
[𝑥 − (−1)] ⋅ [𝑥 − (0)]

[(1,5) − (−1)] ⋅ [(1,5) − (0)] =
1

3,75 ⋅ (𝑥
ଶ + 𝑥) ⋅ 𝑥 − 0,5

1,5 − 0,5

𝐿ସ =
[𝑥 − (−1)] ⋅ [𝑥 − (0)] ⋅ [𝑥 − (1,5)]

[(0,5) − (−1)] ⋅ [(0,5) − (0)] ⋅ [(0,5) − (1)]
Lagrangeův interpolačnı́ mnohočlen: 𝐿(𝑥) = 𝑦ଵ ⋅ 𝐿ଵ(𝑥) + 𝑦ଶ ⋅ 𝐿ଶ(𝑥) + 𝑦ଷ ⋅ 𝐿ଷ(𝑥) =

(2,25) ⋅ 1
2,5 ⋅ (𝑥

ଶ − 1,5 𝑥) + (0,25) ⋅ −11,5 ⋅ (𝑥
ଶ − 0,5 𝑥 − 1,5) + 1 ⋅ 1

3,75 ⋅ (𝑥
ଶ + 𝑥) =

= ቂଶ,ଶହଶ,ହ + ି,ଶହ
ଵ,ହ + ଵ

ଷ,ହቃ ⋅ 𝑥
ଶ + ቂଶ,ଶହ⋅(ିଵ,ହ)ଶ,ହ + ,ଶହ⋅,ହ

ଵ,ହ + ଵ
ଷ,ହቃ ⋅ 𝑥 + ቂ,ଶହ⋅ଵ,ହଵ,ହ ቃ = = 𝑥2 − 𝑥 + 0,25

A co když vznikne požadavek, aby mnohočlen procházel ještě dalšı́m bodem? Pak musı́me výpočty
následovně doplnit.

𝐿(𝑥) = 𝑦ଵ ⋅ 𝐿ଵ(𝑥) + 𝑦ଶ ⋅ 𝐿ଶ(𝑥) + 𝑦ଷ ⋅ 𝐿ଷ(𝑥) + 𝑦ସ ⋅ 𝐿ସ(𝑥)

Obsah Literatura First Prev Next Last Go Back FullScreen
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Příklad 1.3. — Lagrangeův tvar interpolačního mnohočlenu

Jsou dány 3 body
𝑥 −1 0 1,5 0,5

𝑦 2,25 0,25 1 −0,5
Určete mnohočlen, který všemi procházı́.
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[𝑥 − (0)] ⋅ [𝑥 − (1,5)]
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1
2,5 ⋅ (𝑥
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[𝑥 − (−1)] ⋅ [𝑥 − (1,5)]
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ଶ − 0,5 𝑥 − 1,5) ⋅ 𝑥 − 0,5
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1
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[𝑥 − (−1)] ⋅ [𝑥 − (0)] ⋅ [𝑥 − (1,5)]
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Lagrangeův interpolačnı́ mnohočlen: 𝐿(𝑥) = 𝑦ଵ ⋅ 𝐿ଵ(𝑥) + 𝑦ଶ ⋅ 𝐿ଶ(𝑥) + 𝑦ଷ ⋅ 𝐿ଷ(𝑥) =
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ଶ − 0,5 𝑥 − 1,5) + 1 ⋅ 1

3,75 ⋅ (𝑥
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ଷ,ହቃ ⋅ 𝑥 + ቂ,ଶହ⋅ଵ,ହଵ,ହ ቃ = = 𝑥2 − 𝑥 + 0,25

A co když vznikne požadavek, aby mnohočlen procházel ještě dalšı́m bodem? Pak musı́me výpočty
následovně doplnit.

𝐿(𝑥) = 𝑦ଵ ⋅ 𝐿ଵ(𝑥) + 𝑦ଶ ⋅ 𝐿ଶ(𝑥) + 𝑦ଷ ⋅ 𝐿ଷ(𝑥) + 𝑦ସ ⋅ 𝐿ସ(𝑥)
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Příklad 1.3. — Lagrangeův tvar interpolačního mnohočlenu

Jsou dány 3 body
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ଶ − 0,5 𝑥 − 1,5) + 1 ⋅ 1

3,75 ⋅ (𝑥
ଶ + 𝑥) =

= ቂଶ,ଶହଶ,ହ + ି,ଶହ
ଵ,ହ + ଵ
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ଵ,ହ + ଵ
ଷ,ହቃ ⋅ 𝑥 + ቂ,ଶହ⋅ଵ,ହଵ,ହ ቃ = = 𝑥2 − 𝑥 + 0,25

A co když vznikne požadavek, aby mnohočlen procházel ještě dalšı́m bodem? Pak musı́me výpočty
následovně doplnit.
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Příklad 1.3. — Lagrangeův tvar interpolačního mnohočlenu

Jsou dány 3 body
𝑥 −1 0 1,5 0,5

𝑦 2,25 0,25 1 −0,5
Určete mnohočlen, který všemi procházı́.

𝐿ଵ =
[𝑥 − (0)] ⋅ [𝑥 − (1,5)]

[(−1) − (0)] ⋅ [(−1) − (1,5)] =
1
2,5 ⋅ (𝑥

ଶ − 1,5 𝑥) ⋅ 𝑥 − 0,5
−1 − 0,5

𝐿ଶ =
[𝑥 − (−1)] ⋅ [𝑥 − (1,5)]

[(0) − (−1)] ⋅ [(0) − (1,5)] =
−1
1,5 ⋅ (𝑥

ଶ − 0,5 𝑥 − 1,5) ⋅ 𝑥 − 0,5
0 − 0,5

𝐿ଷ =
[𝑥 − (−1)] ⋅ [𝑥 − (0)]

[(1,5) − (−1)] ⋅ [(1,5) − (0)] =
1

3,75 ⋅ (𝑥
ଶ + 𝑥) ⋅ 𝑥 − 0,5

1,5 − 0,5

𝐿ସ =
[𝑥 − (−1)] ⋅ [𝑥 − (0)] ⋅ [𝑥 − (1,5)]

[(0,5) − (−1)] ⋅ [(0,5) − (0)] ⋅ [(0,5) − (1)]
Lagrangeův interpolačnı́ mnohočlen: 𝐿(𝑥) = 𝑦ଵ ⋅ 𝐿ଵ(𝑥) + 𝑦ଶ ⋅ 𝐿ଶ(𝑥) + 𝑦ଷ ⋅ 𝐿ଷ(𝑥) =

(2,25) ⋅ 1
2,5 ⋅ (𝑥

ଶ − 1,5 𝑥) + (0,25) ⋅ −11,5 ⋅ (𝑥
ଶ − 0,5 𝑥 − 1,5) + 1 ⋅ 1

3,75 ⋅ (𝑥
ଶ + 𝑥) =

= ቂଶ,ଶହଶ,ହ + ି,ଶହ
ଵ,ହ + ଵ

ଷ,ହቃ ⋅ 𝑥
ଶ + ቂଶ,ଶହ⋅(ିଵ,ହ)ଶ,ହ + ,ଶହ⋅,ହ

ଵ,ହ + ଵ
ଷ,ହቃ ⋅ 𝑥 + ቂ,ଶହ⋅ଵ,ହଵ,ହ ቃ = = 𝑥2 − 𝑥 + 0,25

A co když vznikne požadavek, aby mnohočlen procházel ještě dalšı́m bodem? Pak musı́me výpočty
následovně doplnit.

𝐿(𝑥) = 𝑦ଵ ⋅ 𝐿ଵ(𝑥) + 𝑦ଶ ⋅ 𝐿ଶ(𝑥) + 𝑦ଷ ⋅ 𝐿ଷ(𝑥) + 𝑦ସ ⋅ 𝐿ସ(𝑥)
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2. Newtonův interpolační mnohočlen (polynom) má tvar:

𝑁(𝑥) = 𝑦ଵ + 𝑦ଶଵ ⋅ (𝑥 − 𝑥ଵ) + 𝑦ଷଶଵ ⋅ (𝑥 − 𝑥ଵ) ⋅ (𝑥 − 𝑥ଶ) + 𝑦ସଷଶଵ ⋅ (𝑥 − 𝑥ଵ) ⋅ (𝑥 − 𝑥ଶ) ⋅ (𝑥 − 𝑥ଷ) + … (2)

kde koeϐicienty 𝑦ଶଵ, 𝑦ଷଶଵ, 𝑦ସଷଶଵ, … jsou poměrné diference uvedené (červeně) v následujı́cı́m schém.:

𝑥ଵ 𝑥ଶ 𝑥ଷ 𝑥ସ
𝑦ଵ 𝑦ଶ 𝑦ଷ 𝑦ସ

𝑦ଶଵ =
௬మି௬భ
௫మି௫భ

𝑦ଷଶ =
௬యି௬మ
௫యି௫మ

𝑦ସଷ =
௬రି௬య
௫రି௫య

𝑦ଷଶଵ =
௬యమି௬మభ
௫యି௫భ

𝑦ସଷଶ =
௬రయି௬యమ
௫రି௫మ

𝑦ସଷଶଵ =
௬రయమି௬యమభ
௫రି௫భ

Interpolačnı́ mnohočlenN(𝑥) zapsaný ve tvaru (2)má dvě zásadnı́ výhody oproti Lagrangeovu tvaru:
• Předevšı́m je to skutečnost, že koeϐicienty 𝑦ଶଵ, 𝑦ଷଶଵ, 𝑦ସଷଶଵ, … ve vyjádřenı́ (2) je možné vypočı́tat
jednou provždy a hodnoty interpolačnı́ho polynomu pro různá x pak počı́tat postupným dosazo-
vánı́m do (2).

• Druhou výhodou je to, že když k původnı́m uzlům 𝑥ଵ, 𝑥ଶ, … , 𝑥 interpolace přidáme dalšı́ bod xାଵ
různý od všech ostatnı́ch uzlů, dřıv́e spočı́tané koeϐicienty se vůbec nezměnı́ a stačı́ pouze jeden
dalšı́ dopočı́tat.

U Newtonova interpolačnı́ho mnohočlenu N(𝑥) je tak možné pohodlně zvyšovat stupeň interpolač-
nı́ho mnohočlenu tı́m, že přibı́ráme do výpočtu dalšı́ uzly interpolace. Mnohočlen L(𝑥) v Lagrangeově
tvaru bychommuseli v takovémpřı́padě sestrojovat celý znovu, jak jsme si ukázali na konci předchozı́ho
přı́kladu.
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Příklad 2.1. — Newtonův tvar interpolačního mnohočlenu
Jsou dány stejné 4 body [−9 ; 5], [−4 ; 2], [−1 ;−2], [7 ; 9] jako v přı́kladu L1.1. Určetemnohočlen vNew-
tonově tvaru, který všemi procházı́. Nejprve si souřadnice bodů opět přepı́šeme do (roztažené) tabulky,
do které postupně doplnı́me i poměrné diference.

−9 −4 −1 7
5 2 −2 9

ଶି(ହ)
ିସି(ିଽ) = −0,6 ିଶି(ଶ)

ିଵି(ିସ) ≐ −1,333 ଽି(ିଶ)
ି(ିଵ) = 1,375

ିଵ,ଷଷଷି(ି,)
ିଵି(ିଽ) ≐ −0,092 ଵ,ଷହି(ିଵ,ଷଷଷ)

ି(ିସ) ≐ 0,246
,ଶସି(ି,ଽଶ)

ି(ିଽ) ≐ 0,021

Výsledný interpolačnı́ mnohočlen v Newtonově tvaru je potom (zaokr. na 3 des. m.):
𝑁(𝑥) =5+(−0,6)⋅[𝑥−(−9)]+(−0,092)⋅[𝑥−(−9)]⋅[𝑥−(−4)]+(0,021)⋅[𝑥−(−9)]⋅[𝑥−(−4)]⋅[𝑥−(−1)] =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥 + 9) ⋅ (𝑥 + 4) + 0,021 ⋅ (𝑥 + 9) ⋅ (𝑥 + 4) ⋅ (𝑥 + 1) =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥ଶ + 9𝑥 + 4𝑥 + 36) + 0,021 ⋅ (𝑥ଶ + 13𝑥 + 36) ⋅ (𝑥 + 1) =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥ଶ + 13𝑥 + 36) + 0,021 ⋅ (𝑥ଷ + 13𝑥ଶ + 36𝑥 + 𝑥ଶ + 13𝑥 + 36) =
= (0,021) ⋅ 𝑥ଷ + [−0,092 + 0,021 ⋅ 14] ⋅ 𝑥ଶ + [−0,6 − 0,092 ⋅ 13 + 0,021 ⋅ 49] ⋅ 𝑥+
+(5 − 0,6 ⋅ 9 − 0,092 ⋅ 36 + 0,021 ⋅ 36) =

𝑁(𝑥) = 0,021 ⋅ 𝑥3 + 0,202 ⋅ 𝑥2 − 0,767 ⋅ 𝑥 − 2,956
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Jsou dány stejné 4 body [−9 ; 5], [−4 ; 2], [−1 ;−2], [7 ; 9] jako v přı́kladu L1.1. Určetemnohočlen vNew-
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Výsledný interpolačnı́ mnohočlen v Newtonově tvaru je potom (zaokr. na 3 des. m.):
𝑁(𝑥) =5+(−0,6)⋅[𝑥−(−9)]+(−0,092)⋅[𝑥−(−9)]⋅[𝑥−(−4)]+(0,021)⋅[𝑥−(−9)]⋅[𝑥−(−4)]⋅[𝑥−(−1)] =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥 + 9) ⋅ (𝑥 + 4) + 0,021 ⋅ (𝑥 + 9) ⋅ (𝑥 + 4) ⋅ (𝑥 + 1) =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥ଶ + 9𝑥 + 4𝑥 + 36) + 0,021 ⋅ (𝑥ଶ + 13𝑥 + 36) ⋅ (𝑥 + 1) =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥ଶ + 13𝑥 + 36) + 0,021 ⋅ (𝑥ଷ + 13𝑥ଶ + 36𝑥 + 𝑥ଶ + 13𝑥 + 36) =
= (0,021) ⋅ 𝑥ଷ + [−0,092 + 0,021 ⋅ 14] ⋅ 𝑥ଶ + [−0,6 − 0,092 ⋅ 13 + 0,021 ⋅ 49] ⋅ 𝑥+
+(5 − 0,6 ⋅ 9 − 0,092 ⋅ 36 + 0,021 ⋅ 36) =

𝑁(𝑥) = 0,021 ⋅ 𝑥3 + 0,202 ⋅ 𝑥2 − 0,767 ⋅ 𝑥 − 2,956
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Langrangeův IP L–odvozenı́ L 1.1. L 1.2. L 1.3. +uzel Newtonův IP N 2.1. N 2.2. N 2.3. +uzel Závěrečná pozn.

Příklad 2.1. — Newtonův tvar interpolačního mnohočlenu
Jsou dány stejné 4 body [−9 ; 5], [−4 ; 2], [−1 ;−2], [7 ; 9] jako v přı́kladu L1.1. Určetemnohočlen vNew-
tonově tvaru, který všemi procházı́. Nejprve si souřadnice bodů opět přepı́šeme do (roztažené) tabulky,
do které postupně doplnı́me i poměrné diference.

−9 −4 −1 7
5 2 −2 9

ଶି(ହ)
ିସି(ିଽ) = −0,6 ିଶି(ଶ)

ିଵି(ିସ) ≐ −1,333 ଽି(ିଶ)
ି(ିଵ) = 1,375

ିଵ,ଷଷଷି(ି,)
ିଵି(ିଽ) ≐ −0,092 ଵ,ଷହି(ିଵ,ଷଷଷ)

ି(ିସ) ≐ 0,246
,ଶସି(ି,ଽଶ)

ି(ିଽ) ≐ 0,021

Výsledný interpolačnı́ mnohočlen v Newtonově tvaru je potom (zaokr. na 3 des. m.):
𝑁(𝑥) =5+(−0,6)⋅[𝑥−(−9)]+(−0,092)⋅[𝑥−(−9)]⋅[𝑥−(−4)]+(0,021)⋅[𝑥−(−9)]⋅[𝑥−(−4)]⋅[𝑥−(−1)] =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥 + 9) ⋅ (𝑥 + 4) + 0,021 ⋅ (𝑥 + 9) ⋅ (𝑥 + 4) ⋅ (𝑥 + 1) =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥ଶ + 9𝑥 + 4𝑥 + 36) + 0,021 ⋅ (𝑥ଶ + 13𝑥 + 36) ⋅ (𝑥 + 1) =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥ଶ + 13𝑥 + 36) + 0,021 ⋅ (𝑥ଷ + 13𝑥ଶ + 36𝑥 + 𝑥ଶ + 13𝑥 + 36) =
= (0,021) ⋅ 𝑥ଷ + [−0,092 + 0,021 ⋅ 14] ⋅ 𝑥ଶ + [−0,6 − 0,092 ⋅ 13 + 0,021 ⋅ 49] ⋅ 𝑥+
+(5 − 0,6 ⋅ 9 − 0,092 ⋅ 36 + 0,021 ⋅ 36) =

𝑁(𝑥) = 0,021 ⋅ 𝑥3 + 0,202 ⋅ 𝑥2 − 0,767 ⋅ 𝑥 − 2,956
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Langrangeův IP L–odvozenı́ L 1.1. L 1.2. L 1.3. +uzel Newtonův IP N 2.1. N 2.2. N 2.3. +uzel Závěrečná pozn.

Příklad 2.1. — Newtonův tvar interpolačního mnohočlenu
Jsou dány stejné 4 body [−9 ; 5], [−4 ; 2], [−1 ;−2], [7 ; 9] jako v přı́kladu L1.1. Určetemnohočlen vNew-
tonově tvaru, který všemi procházı́. Nejprve si souřadnice bodů opět přepı́šeme do (roztažené) tabulky,
do které postupně doplnı́me i poměrné diference.

−9 −4 −1 7
5 2 −2 9

ଶି(ହ)
ିସି(ିଽ) = −0,6 ିଶି(ଶ)

ିଵି(ିସ) ≐ −1,333 ଽି(ିଶ)
ି(ିଵ) = 1,375

ିଵ,ଷଷଷି(ି,)
ିଵି(ିଽ) ≐ −0,092 ଵ,ଷହି(ିଵ,ଷଷଷ)

ି(ିସ) ≐ 0,246
,ଶସି(ି,ଽଶ)

ି(ିଽ) ≐ 0,021

Výsledný interpolačnı́ mnohočlen v Newtonově tvaru je potom (zaokr. na 3 des. m.):
𝑁(𝑥) =5+(−0,6)⋅[𝑥−(−9)]+(−0,092)⋅[𝑥−(−9)]⋅[𝑥−(−4)]+(0,021)⋅[𝑥−(−9)]⋅[𝑥−(−4)]⋅[𝑥−(−1)] =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥 + 9) ⋅ (𝑥 + 4) + 0,021 ⋅ (𝑥 + 9) ⋅ (𝑥 + 4) ⋅ (𝑥 + 1) =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥ଶ + 9𝑥 + 4𝑥 + 36) + 0,021 ⋅ (𝑥ଶ + 13𝑥 + 36) ⋅ (𝑥 + 1) =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥ଶ + 13𝑥 + 36) + 0,021 ⋅ (𝑥ଷ + 13𝑥ଶ + 36𝑥 + 𝑥ଶ + 13𝑥 + 36) =
= (0,021) ⋅ 𝑥ଷ + [−0,092 + 0,021 ⋅ 14] ⋅ 𝑥ଶ + [−0,6 − 0,092 ⋅ 13 + 0,021 ⋅ 49] ⋅ 𝑥+
+(5 − 0,6 ⋅ 9 − 0,092 ⋅ 36 + 0,021 ⋅ 36) =

𝑁(𝑥) = 0,021 ⋅ 𝑥3 + 0,202 ⋅ 𝑥2 − 0,767 ⋅ 𝑥 − 2,956
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Langrangeův IP L–odvozenı́ L 1.1. L 1.2. L 1.3. +uzel Newtonův IP N 2.1. N 2.2. N 2.3. +uzel Závěrečná pozn.

Příklad 2.1. — Newtonův tvar interpolačního mnohočlenu
Jsou dány stejné 4 body [−9 ; 5], [−4 ; 2], [−1 ;−2], [7 ; 9] jako v přı́kladu L1.1. Určetemnohočlen vNew-
tonově tvaru, který všemi procházı́. Nejprve si souřadnice bodů opět přepı́šeme do (roztažené) tabulky,
do které postupně doplnı́me i poměrné diference.

−9 −4 −1 7
5 2 −2 9

ଶି(ହ)
ିସି(ିଽ) = −0,6 ିଶି(ଶ)

ିଵି(ିସ) ≐ −1,333 ଽି(ିଶ)
ି(ିଵ) = 1,375

ିଵ,ଷଷଷି(ି,)
ିଵି(ିଽ) ≐ −0,092 ଵ,ଷହି(ିଵ,ଷଷଷ)

ି(ିସ) ≐ 0,246
,ଶସି(ି,ଽଶ)

ି(ିଽ) ≐ 0,021

Výsledný interpolačnı́ mnohočlen v Newtonově tvaru je potom (zaokr. na 3 des. m.):
𝑁(𝑥) =5+(−0,6)⋅[𝑥−(−9)]+(−0,092)⋅[𝑥−(−9)]⋅[𝑥−(−4)]+(0,021)⋅[𝑥−(−9)]⋅[𝑥−(−4)]⋅[𝑥−(−1)] =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥 + 9) ⋅ (𝑥 + 4) + 0,021 ⋅ (𝑥 + 9) ⋅ (𝑥 + 4) ⋅ (𝑥 + 1) =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥ଶ + 9𝑥 + 4𝑥 + 36) + 0,021 ⋅ (𝑥ଶ + 13𝑥 + 36) ⋅ (𝑥 + 1) =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥ଶ + 13𝑥 + 36) + 0,021 ⋅ (𝑥ଷ + 13𝑥ଶ + 36𝑥 + 𝑥ଶ + 13𝑥 + 36) =
= (0,021) ⋅ 𝑥ଷ + [−0,092 + 0,021 ⋅ 14] ⋅ 𝑥ଶ + [−0,6 − 0,092 ⋅ 13 + 0,021 ⋅ 49] ⋅ 𝑥+
+(5 − 0,6 ⋅ 9 − 0,092 ⋅ 36 + 0,021 ⋅ 36) =

𝑁(𝑥) = 0,021 ⋅ 𝑥3 + 0,202 ⋅ 𝑥2 − 0,767 ⋅ 𝑥 − 2,956
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Langrangeův IP L–odvozenı́ L 1.1. L 1.2. L 1.3. +uzel Newtonův IP N 2.1. N 2.2. N 2.3. +uzel Závěrečná pozn.

Příklad 2.1. — Newtonův tvar interpolačního mnohočlenu
Jsou dány stejné 4 body [−9 ; 5], [−4 ; 2], [−1 ;−2], [7 ; 9] jako v přı́kladu L1.1. Určetemnohočlen vNew-
tonově tvaru, který všemi procházı́. Nejprve si souřadnice bodů opět přepı́šeme do (roztažené) tabulky,
do které postupně doplnı́me i poměrné diference.

−9 −4 −1 7
5 2 −2 9

ଶି(ହ)
ିସି(ିଽ) = −0,6 ିଶି(ଶ)

ିଵି(ିସ) ≐ −1,333 ଽି(ିଶ)
ି(ିଵ) = 1,375

ିଵ,ଷଷଷି(ି,)
ିଵି(ିଽ) ≐ −0,092 ଵ,ଷହି(ିଵ,ଷଷଷ)

ି(ିସ) ≐ 0,246
,ଶସି(ି,ଽଶ)

ି(ିଽ) ≐ 0,021

Výsledný interpolačnı́ mnohočlen v Newtonově tvaru je potom (zaokr. na 3 des. m.):
𝑁(𝑥) =5+(−0,6)⋅[𝑥−(−9)]+(−0,092)⋅[𝑥−(−9)]⋅[𝑥−(−4)]+(0,021)⋅[𝑥−(−9)]⋅[𝑥−(−4)]⋅[𝑥−(−1)] =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥 + 9) ⋅ (𝑥 + 4) + 0,021 ⋅ (𝑥 + 9) ⋅ (𝑥 + 4) ⋅ (𝑥 + 1) =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥ଶ + 9𝑥 + 4𝑥 + 36) + 0,021 ⋅ (𝑥ଶ + 13𝑥 + 36) ⋅ (𝑥 + 1) =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥ଶ + 13𝑥 + 36) + 0,021 ⋅ (𝑥ଷ + 13𝑥ଶ + 36𝑥 + 𝑥ଶ + 13𝑥 + 36) =
= (0,021) ⋅ 𝑥ଷ + [−0,092 + 0,021 ⋅ 14] ⋅ 𝑥ଶ + [−0,6 − 0,092 ⋅ 13 + 0,021 ⋅ 49] ⋅ 𝑥+
+(5 − 0,6 ⋅ 9 − 0,092 ⋅ 36 + 0,021 ⋅ 36) =

𝑁(𝑥) = 0,021 ⋅ 𝑥3 + 0,202 ⋅ 𝑥2 − 0,767 ⋅ 𝑥 − 2,956
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Langrangeův IP L–odvozenı́ L 1.1. L 1.2. L 1.3. +uzel Newtonův IP N 2.1. N 2.2. N 2.3. +uzel Závěrečná pozn.

Příklad 2.1. — Newtonův tvar interpolačního mnohočlenu
Jsou dány stejné 4 body [−9 ; 5], [−4 ; 2], [−1 ;−2], [7 ; 9] jako v přı́kladu L1.1. Určetemnohočlen vNew-
tonově tvaru, který všemi procházı́. Nejprve si souřadnice bodů opět přepı́šeme do (roztažené) tabulky,
do které postupně doplnı́me i poměrné diference.

−9 −4 −1 7
5 2 −2 9

ଶି(ହ)
ିସି(ିଽ) = −0,6 ିଶି(ଶ)

ିଵି(ିସ) ≐ −1,333 ଽି(ିଶ)
ି(ିଵ) = 1,375

ିଵ,ଷଷଷି(ି,)
ିଵି(ିଽ) ≐ −0,092 ଵ,ଷହି(ିଵ,ଷଷଷ)

ି(ିସ) ≐ 0,246
,ଶସି(ି,ଽଶ)

ି(ିଽ) ≐ 0,021

Výsledný interpolačnı́ mnohočlen v Newtonově tvaru je potom (zaokr. na 3 des. m.):
𝑁(𝑥) =5+(−0,6)⋅[𝑥−(−9)]+(−0,092)⋅[𝑥−(−9)]⋅[𝑥−(−4)]+(0,021)⋅[𝑥−(−9)]⋅[𝑥−(−4)]⋅[𝑥−(−1)] =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥 + 9) ⋅ (𝑥 + 4) + 0,021 ⋅ (𝑥 + 9) ⋅ (𝑥 + 4) ⋅ (𝑥 + 1) =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥ଶ + 9𝑥 + 4𝑥 + 36) + 0,021 ⋅ (𝑥ଶ + 13𝑥 + 36) ⋅ (𝑥 + 1) =
= 5 − 0,6 ⋅ (𝑥 + 9) − 0,092 ⋅ (𝑥ଶ + 13𝑥 + 36) + 0,021 ⋅ (𝑥ଷ + 13𝑥ଶ + 36𝑥 + 𝑥ଶ + 13𝑥 + 36) =
= (0,021) ⋅ 𝑥ଷ + [−0,092 + 0,021 ⋅ 14] ⋅ 𝑥ଶ + [−0,6 − 0,092 ⋅ 13 + 0,021 ⋅ 49] ⋅ 𝑥+
+(5 − 0,6 ⋅ 9 − 0,092 ⋅ 36 + 0,021 ⋅ 36) =

𝑁(𝑥) = 0,021 ⋅ 𝑥3 + 0,202 ⋅ 𝑥2 − 0,767 ⋅ 𝑥 − 2,956
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Langrangeův IP L–odvozenı́ L 1.1. L 1.2. L 1.3. +uzel Newtonův IP N 2.1. N 2.2. N 2.3. +uzel Závěrečná pozn.

Příklad 2.2. — Newtonův tvar interpolačního mnohočlenu
Jsou dány stejné 4 body [−1 ;−4], [0 ;−1], [1 ; 0], [2 ; 5] jako v přı́kladu L 1.2. Určete mnohočlen v New-
tonově tvaru, který všemi procházı́.
Nejprve si souřadnice přepı́šeme do následujı́cı́ tabulky, do které postupně doplnı́me i poměrné di-

ference.
−1 0 1 2
−4 −1 0 5

ିଵି(ିସ)
ି(ିଵ) = 3 ି(ିଵ)

ଵି() = 1 ହି()
ଶି(ଵ) = 5

ଵି(ଷ)
ଵି(ିଵ) = −1 ହି(ଵ)

ଶି() = 2
ଶି(ିଵ)
ଶି(ିଵ) = 1

Výsledný interpolačnı́ mnohočlen v Newtonově tvaru je potom:

𝑁(𝑥) =−4 + (3) ⋅ [𝑥 − (−1)] + (−1) ⋅ [𝑥 − (−1)] ⋅ [𝑥 − (0)] + (1) ⋅ [𝑥 − (−1)] ⋅ [𝑥 − (0)] ⋅ [𝑥 − (1)] =

= −4 + 3 ⋅ (𝑥 + 1) − (𝑥 + 1) ⋅ 𝑥 + (𝑥 + 1) ⋅ 𝑥 ⋅ (𝑥 − 1) = −4 + 3𝑥 + 3 − 𝑥ଶ − 𝑥 + 𝑥ଷ − 𝑥 =

𝑁(𝑥) = 𝑥3 − 𝑥2 + 𝑥 − 1
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Langrangeův IP L–odvozenı́ L 1.1. L 1.2. L 1.3. +uzel Newtonův IP N 2.1. N 2.2. N 2.3. +uzel Závěrečná pozn.

Příklad 2.2. — Newtonův tvar interpolačního mnohočlenu
Jsou dány stejné 4 body [−1 ;−4], [0 ;−1], [1 ; 0], [2 ; 5] jako v přı́kladu L 1.2. Určete mnohočlen v New-
tonově tvaru, který všemi procházı́.
Nejprve si souřadnice přepı́šeme do následujı́cı́ tabulky, do které postupně doplnı́me i poměrné di-

ference.
−1 0 1 2
−4 −1 0 5

ିଵି(ିସ)
ି(ିଵ) = 3 ି(ିଵ)

ଵି() = 1 ହି()
ଶି(ଵ) = 5

ଵି(ଷ)
ଵି(ିଵ) = −1 ହି(ଵ)

ଶି() = 2
ଶି(ିଵ)
ଶି(ିଵ) = 1

Výsledný interpolačnı́ mnohočlen v Newtonově tvaru je potom:

𝑁(𝑥) =−4 + (3) ⋅ [𝑥 − (−1)] + (−1) ⋅ [𝑥 − (−1)] ⋅ [𝑥 − (0)] + (1) ⋅ [𝑥 − (−1)] ⋅ [𝑥 − (0)] ⋅ [𝑥 − (1)] =

= −4 + 3 ⋅ (𝑥 + 1) − (𝑥 + 1) ⋅ 𝑥 + (𝑥 + 1) ⋅ 𝑥 ⋅ (𝑥 − 1) = −4 + 3𝑥 + 3 − 𝑥ଶ − 𝑥 + 𝑥ଷ − 𝑥 =

𝑁(𝑥) = 𝑥3 − 𝑥2 + 𝑥 − 1
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Langrangeův IP L–odvozenı́ L 1.1. L 1.2. L 1.3. +uzel Newtonův IP N 2.1. N 2.2. N 2.3. +uzel Závěrečná pozn.

Příklad 2.2. — Newtonův tvar interpolačního mnohočlenu
Jsou dány stejné 4 body [−1 ;−4], [0 ;−1], [1 ; 0], [2 ; 5] jako v přı́kladu L 1.2. Určete mnohočlen v New-
tonově tvaru, který všemi procházı́.
Nejprve si souřadnice přepı́šeme do následujı́cı́ tabulky, do které postupně doplnı́me i poměrné di-

ference.
−1 0 1 2
−4 −1 0 5

ିଵି(ିସ)
ି(ିଵ) = 3 ି(ିଵ)

ଵି() = 1 ହି()
ଶି(ଵ) = 5

ଵି(ଷ)
ଵି(ିଵ) = −1 ହି(ଵ)

ଶି() = 2
ଶି(ିଵ)
ଶି(ିଵ) = 1

Výsledný interpolačnı́ mnohočlen v Newtonově tvaru je potom:

𝑁(𝑥) =−4 + (3) ⋅ [𝑥 − (−1)] + (−1) ⋅ [𝑥 − (−1)] ⋅ [𝑥 − (0)] + (1) ⋅ [𝑥 − (−1)] ⋅ [𝑥 − (0)] ⋅ [𝑥 − (1)] =

= −4 + 3 ⋅ (𝑥 + 1) − (𝑥 + 1) ⋅ 𝑥 + (𝑥 + 1) ⋅ 𝑥 ⋅ (𝑥 − 1) = −4 + 3𝑥 + 3 − 𝑥ଶ − 𝑥 + 𝑥ଷ − 𝑥 =

𝑁(𝑥) = 𝑥3 − 𝑥2 + 𝑥 − 1
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Langrangeův IP L–odvozenı́ L 1.1. L 1.2. L 1.3. +uzel Newtonův IP N 2.1. N 2.2. N 2.3. +uzel Závěrečná pozn.

Příklad 2.2. — Newtonův tvar interpolačního mnohočlenu
Jsou dány stejné 4 body [−1 ;−4], [0 ;−1], [1 ; 0], [2 ; 5] jako v přı́kladu L 1.2. Určete mnohočlen v New-
tonově tvaru, který všemi procházı́.
Nejprve si souřadnice přepı́šeme do následujı́cı́ tabulky, do které postupně doplnı́me i poměrné di-

ference.
−1 0 1 2
−4 −1 0 5

ିଵି(ିସ)
ି(ିଵ) = 3 ି(ିଵ)

ଵି() = 1 ହି()
ଶି(ଵ) = 5

ଵି(ଷ)
ଵି(ିଵ) = −1 ହି(ଵ)

ଶି() = 2
ଶି(ିଵ)
ଶି(ିଵ) = 1
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Příklad 2.3. — Newtonův tvar interpolačního mnohočlenu
Jsou dány stejné 3 body jako v přı́kladu L 1.3. Určete mnohočlen v Newtonově tvaru, který všemi pro-
cházı́.

−1 0 1,5
2,25 0,25 1

,ଶହି(ଶ,ଶହ)
ି(ିଵ) = −2 ଵି(,ଶହ)

ଵ,ହି() = 0,5
,ହି(ିଶ)
ଵ,ହି(ିଵ) = 1

𝑁(𝑥) = 2,25 + (−2) ⋅ [𝑥 − (−1)] + (1) ⋅ [𝑥 − (−1)] ⋅ [𝑥 − (0)] = 2,25 − 2𝑥 − 2 + 𝑥ଶ + 𝑥 =
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Příklad 2.3. — jiné pořadí uzlových bodů v tabulce
−1 1,5 0
2,25 1 0,25

ଵି(ଶ,ଶହ)
ଵ,ହି(ିଵ) = −0,5 ,ଶହି(ଵ)

ି(ଵ,ହ) = 0,5
,ହି(ି,ହ)
ି(ିଵ) = 1

𝑁(𝑥) = 2,25+ (−0,5) ⋅ [𝑥 − (−1)] + (1) ⋅ [𝑥 + 1] ⋅ [𝑥 − (1,5)] = 2,25− 0,5 𝑥 − 0,5 + 𝑥ଶ −0,5 𝑥 − 1,5 =

𝑁(𝑥) = 𝑥2 − 𝑥 + 0,25
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Příklad 2.3. — ještě jiné pořadí uzlových bodů v tabulce
0 −1 1,5

0,25 2,25 1
ଶ,ଶହି(,ଶହ)
ିଵି() = −2 ଵି(ଶ,ଶହ)

ଵ,ହି(ିଵ) = −0,5
ି,ହି(ିଶ)
ଵ,ହି() = 1

0 1,5 −1
0,25 1 2,25

ଵି(,ଶହ)
ଵ,ହି() = 0,5 ଶ,ଶହି(ଵ)

ିଵି(ଵ,ହ) = −0,5
ି,ହି(,ହ)
ିଵି() = 1

ே(௫)ୀ,ଶହା(ିଶ)⋅[௫ି()]ା(ଵ)⋅[௫ି()]⋅[௫ି(ିଵ)]ୀ ே(௫)ୀ,ଶହା(,ହ)⋅[௫ି()]ା(ଵ)⋅[௫ି()]⋅[௫ି(ଵ,ହ)]ୀ
= 0,25 − 2𝑥 + 𝑥ଶ + 𝑥 = 0,25 + 0,5 𝑥 + 𝑥ଶ − 1,5 𝑥

𝑁(𝑥) = 𝑥2 − 𝑥 + 0,25 𝑁(𝑥) = 𝑥2 − 𝑥 + 0,25

1,5 −1 0
1 2,25 0,25

ଶ,ଶହି(ଵ)
ିଵି(ଵ,ହ) = −0,5 ,ଶହି(ଶ,ଶହ)

ି(ିଵ) = −2
ିଶି(ି,ହ)
ି(ଵ,ହ) = 1

1,5 0 −1
1 0,25 2,25

,ଶହିଵ
ି(ଵ,ହ) = 0,5 ଶ,ଶହି(,ଶହ)

ିଵି() = −2
ିଶି(,ହ)
ିଵି(ଵ,ହ) = 1

ே(௫)ୀଵା(ି,ହ)⋅[௫ି(ଵ,ହ)]ା(ଵ)⋅[௫ି(ଵ,ହ)]⋅[௫ି(ିଵ)]ୀ ே(௫)ୀଵା(,ହ)⋅[௫ି(ଵ,ହ)]ା(ଵ)⋅[௫ି(ଵ,ହ)]⋅[௫ି()]ୀ
= 1 − 0,5 𝑥 + 0,75 + 𝑥ଶ − 0,5 𝑥 − 1,5 = 1 + 0,5 𝑥 − 0,75 + 𝑥ଶ − 1,5 𝑥

𝑁(𝑥) = 𝑥2 − 𝑥 + 0,25 𝑁(𝑥) = 𝑥2 − 𝑥 + 0,25

Poznámka: Ukázali jsme, že výsledný tvarmnohočlenunaprostonezáležı́ na pořadı́ bodů zapisovaných
do tabulky. [6, str. 30]
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Příklad 2.3. — přidání dalšího uzlového bodu – příklad 1.3.
−1 0 1,5 0,5
2,25 0,25 1 −0,5

,ଶହି(ଶ,ଶହ)
ି(ିଵ) = −2 ଵି(,ଶହ)

ଵ,ହି() = 0,5 ି,ହି(ଵ)
,ହି(ଵ,ହ) = 1,5

,ହି(ିଶ)
ଵ,ହି(ିଵ) = 1 ଵ,ହି(,ହ)

,ହି() = 2
ଶି(ଵ)

,ହି(ିଵ) =
2
3

𝑁(𝑥) = 2,25+(−2)⋅[𝑥−(−1)]+(1)⋅[𝑥−(−1)]⋅[𝑥−(0)]+ቆ23ቇ ⋅ [𝑥 − (−1)] ⋅ [𝑥 − (0)] ⋅ [𝑥 − (1,5)] =

= 2,25 − 2𝑥 − 2 + 𝑥ଶ + 𝑥 + 2
3 ⋅ 𝑥

ଷ + 2
3 ⋅ 𝑥

ଶ − 𝑥ଶ − 𝑥 = výsledek původnı́ho přı́kladu + dodatek

𝑁(𝑥) = 𝑥2 − 𝑥 + 0,25 + 2
3 ⋅ 𝑥

3 + 2
3 ⋅ 𝑥

2 − 𝑥2 − 𝑥 =

= 2
3 ⋅ 𝑥

3 + 2
3 ⋅ 𝑥

2 − 2𝑥 + 0,25
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−1 0 1,5 0,5
2,25 0,25 1 −0,5

,ଶହି(ଶ,ଶହ)
ି(ିଵ) = −2 ଵି(,ଶହ)

ଵ,ହି() = 0,5 ି,ହି(ଵ)
,ହି(ଵ,ହ) = 1,5

,ହି(ିଶ)
ଵ,ହି(ିଵ) = 1 ଵ,ହି(,ହ)

,ହି() = 2
ଶି(ଵ)

,ହି(ିଵ) =
2
3

𝑁(𝑥) = 2,25+(−2)⋅[𝑥−(−1)]+(1)⋅[𝑥−(−1)]⋅[𝑥−(0)]+ቆ23ቇ ⋅ [𝑥 − (−1)] ⋅ [𝑥 − (0)] ⋅ [𝑥 − (1,5)] =

= 2,25 − 2𝑥 − 2 + 𝑥ଶ + 𝑥 + 2
3 ⋅ 𝑥

ଷ + 2
3 ⋅ 𝑥

ଶ − 𝑥ଶ − 𝑥 = výsledek původnı́ho přı́kladu + dodatek

𝑁(𝑥) = 𝑥2 − 𝑥 + 0,25 + 2
3 ⋅ 𝑥

3 + 2
3 ⋅ 𝑥

2 − 𝑥2 − 𝑥 =

= 2
3 ⋅ 𝑥

3 + 2
3 ⋅ 𝑥

2 − 2𝑥 + 0,25
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3. Závěrečná poznámka
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Jak je zřejmé z předchozı́ho obrázku uvedeného v práci [4], nestačı́ se při studiu průběhu funkce
𝑓(𝑥) omezit pouze na mnohočleny. Mnohočlen 𝐿(𝑥) (na předchozı́m obrázku modře) popisuje chovánı́
racionálnı́ funkce 𝑓(𝑥) (na obrázku červeně) na intervalu:

(-1,1 ; 1,1) dostatečně výstižně

(-3,9 ; -3,3) ne moc uspokojivě

a na intervalu napřı́klad (6 ; ∞) je naprotomimo mísu.
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