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Uvažujme úlohu
−a2y′′ + py′ + qy = f pro x ∈ (0, l) (1)

a okrajové podmı́nky

• Dirichletovy: y(0) = α0, y(l) = αl,

• Neumannovy: a2y′(0) = β0, −a2y′(l) = βl,

• Newtonovy: a2y′(0) = γ0y(0) + β0, −a2y′(l) = γly(l) + βl ,

METODA KONEČNÝCH PRVKŮ

• prostor testovaćıch funkćı V

• množina př́ıpustných řešeńı W

• Galerkinova (slabá) formulace úlohy: Najděte funkci y ∈W tak, aby

B(y, v) = L(v) ∀v ∈ V ,

kde

B(y, v) =

l∫
0

(
−a2y′′ + py′ + qy

)
v dx a L(v) =

l∫
0

fv dx

• diskretizece úlohy: n = l
h , l - délka intervalu, h - diskretizačńı krok

• přibližné řešeńı: yG =
n∑

j=0

cjϕj , neznámé koeficienty c0, c1, . . . , cn dostáváme jako řešeńı soustavy lineárńıch rovnic

K−→c =
−→
b , kde

K se nazývá matice tuhosti a
−→
b vektor zat́ıžeńı.

B (ϕ0, ϕ0) B (ϕ1, ϕ0) · · · B (ϕn, ϕ0)
B (ϕ0, ϕ1) B (ϕ1, ϕ1) · · · B (ϕn, ϕ1)

...
. . .

...
B (ϕ0, ϕn) B (ϕ1, ϕn) · · · B (ϕn, ϕn)

 ·

c0
c1
...
cn

 =


L(ϕ0)
L(ϕ1)

...
L(ϕn)



Př́ıklad 1. Najděte aproximaci řešeńı úlohy

−0.4y′′ + y′ = 2

y(0) = −1

−0.4y′(1) = 2y(1)

s krokem h = 1
4 .

Řešeńı.
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Př́ıklad 2. Najděte aproximaci řešeńı úlohy

−y′′ + 3y = sinx

y(0) = 1

y(1) = 2

s krokem h = 1
5 .

Řešeńı.

l = 1, h =
1

5
⇒ n =

l

h
=

1

0.2
= 5⇒ xi, i = 0, 1, . . . , 5⇒ xi : 0, 0.2, 0.4, 0.6, 0.8, 1

• množina testovaćıch funkćı (prostor př́ıpustných variaćı): V =
{
v ∈ H1(0, 1) : v(0) = v(1) = 0

}
• množina př́ıpustných řešeńı: W =

{
w ∈ H1(0, 1) : w(0) = 1, w(1) = 2

}
−y′′ + 3y = sinx / · v

−y′′v + 3yv = sinx · v /

1∫
0

. . . dx

1∫
0

(−y′′v + 3yv) dx =

1∫
0

sinx · v dx

1∫
0

(−y′′v) dx

︸ ︷︷ ︸
per partes

+

1∫
0

3yv dx =

1∫
0

sinx · v dx (2)

1∫
0

(−y′′v) dx =

∣∣∣∣ u = v w′ = −y′′
u′ = v′ w = −y′

∣∣∣∣ = [v · (−y′)]10 +

1∫
0

v′y′ dx = − v(1)︸︷︷︸
=0

y′(1) + v(0)︸︷︷︸
=0

y′(0)

=

1∫
0

v′y′ dx+

1∫
0

v′y′ dx . . . dosad́ıme zpět do rovnice (2) a dostáváme

1∫
0

v′y′ dx+ 3

1∫
0

yv dx

︸ ︷︷ ︸
B(y,v)

=

1∫
0

sinx · v dx

︸ ︷︷ ︸
L(v)

• Galerkinova (slabá) formulace úlohy:
Najděte funkci y ∈W tak, aby bylo splněno B(y, v) = L(v) ∀v ∈ V , kde

B(y, v) =

1∫
0

v′y′ dx+ 3

1∫
0

yv dx a L(v) =

1∫
0

sinx · v dx

• tvar slabého řešeńı:

yG(x) = y0︸︷︷︸
=1

ϕ0(x) + y1ϕ1(x) + y2ϕ2(x) + y3ϕ3(x) + y4ϕ4(x) + y5︸︷︷︸
=2

ϕ5(x) ∈W

yG(x) = ϕ0(x) + y1ϕ1(x) + y2ϕ2(x) + y3ϕ3(x) + y4ϕ4(x) + 2ϕ5(x) ⇒ hledáme 4 neznámé y1, y2, y3, y4
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• maticový zápis soustavy lineárńıch rovnic:

B(ϕ1, ϕ1) B(ϕ2, ϕ1) B(ϕ3, ϕ1)︸ ︷︷ ︸
=0

B(ϕ4, ϕ1)︸ ︷︷ ︸
=0

B(ϕ1, ϕ2) B(ϕ2, ϕ2) B(ϕ3, ϕ2) B(ϕ4, ϕ2)︸ ︷︷ ︸
=0

B(ϕ1, ϕ3)︸ ︷︷ ︸
=0

B(ϕ2, ϕ3) B(ϕ3, ϕ3) B(ϕ4, ϕ3)

B(ϕ1, ϕ4)︸ ︷︷ ︸
=0

B(ϕ2, ϕ4)︸ ︷︷ ︸
=0

B(ϕ3, ϕ4) B(ϕ4, ϕ4)




y1
y2
y3
y4

 =


L(ϕ1)− y0B(ϕ0, ϕ1)

L(ϕ2)
L(ϕ3)

L(ϕ4)− y5B(ϕ5, ϕ4)



• testovaćı funkce

0 0.2 0.4 0.6 0.8 1

1
ϕ0 ϕ1 ϕ2 ϕ3 ϕ4 ϕ5

ϕ0(x) =

{
1− 5x 0 ≤ x ≤ 0.2

0 jinak
ϕ′
0(x) =

{
−5 0 ≤ x ≤ 0.2

0 jinak

ϕ1(x) =


5x 0 ≤ x ≤ 0.2

2− 5x 0.2 ≤ x ≤ 0.4

0 jinak

ϕ′
1(x) =


5 0 ≤ x ≤ 0.2

−5 0.2 ≤ x ≤ 0.4

0 jinak

ϕ2(x) =


5x− 1 0.2 ≤ x ≤ 0.4

3− 5x 0.4 ≤ x ≤ 0.6

0 jinak

ϕ′
2(x) =


5 0.2 ≤ x ≤ 0.4

−5 0.4 ≤ x ≤ 0.6

0 jinak

ϕ3(x) =


5x− 2 0.4 ≤ x ≤ 0.6

4− 5x 0.6 ≤ x ≤ 0.8

0 jinak

ϕ′
3(x) =


5 0.4 ≤ x ≤ 0.6

−5 0.6 ≤ x ≤ 0.8

0 jinak

ϕ4(x) =


5x− 3 0.6 ≤ x ≤ 0.8

5− 5x 0.8 ≤ x ≤ 1

0 jinak

ϕ′
4(x) =


5 0.6 ≤ x ≤ 0.8

−5 0.8 ≤ x ≤ 1

0 jinak

ϕ5(x) =

{
5x− 4 0.8 ≤ x ≤ 1

0 jinak
ϕ′
5(x) =

{
5 0.8 ≤ x ≤ 1

0 jinak

• výpočet prvk̊u matice tuhosti K:

B(ϕ1, ϕ1) =

0.2∫
0

(5 · 5 + 3 · 5x · 5x) dx+

0.4∫
0.2

(
−5 · (−5) + 3 (2− 5x)

2
)

dx = 10.4

B(ϕ2, ϕ2) =

0.4∫
0.2

(
5 · 5 + 3 (5x− 1)

2
)

dx+

0.6∫
0.4

(
−5 · (−5) + 3 (3− 5x)

2
)

dx = 10.4

B(ϕ3, ϕ3) =

0.6∫
0.4

(
5 · 5 + 3 (5x− 2)

2
)

dx+

0.8∫
0.6

(
−5 · (−5) + 3 (4− 5x)

2
)

dx = 10.4

B(ϕ4, ϕ4) =

0.8∫
0.6

(
5 · 5 + 3 (5x− 3)

2
)

dx+

1∫
0.8

(
−5 · (−5) + 3 (5− 5x)

2
)

dx = 10.4
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B(ϕ2, ϕ1) =

0.4∫
0.2

(5 · (−5) + 3 (5x− 1) (2− 5x)) dx = −4.9

B(ϕ3, ϕ2) =

0.6∫
0.4

(5 · (−5) + 3 (5x− 2) (3− 5x)) dx = −4.9

B(ϕ4, ϕ3) =

0.8∫
0.6

(5 · (−5) + 3 (5x− 3) (4− 5x)) dx = −4.9

B(ϕ1, ϕ2) =

0.4∫
0.2

(−5 · 5 + 3 (2− 5x) (5x− 1)) dx = −4.9

B(ϕ2, ϕ3) =

0.6∫
0.4

(−5 · 5 + 3 (3− 5x) (5x− 2)) dx = −4.9

B(ϕ3, ϕ4) =

0.8∫
0.6

(−5 · 5 + 3 (4− 5x) (5x− 3)) dx = −4.9

• výpočet L̃(ϕ1):

0.2∫
0

sinx · 5xdx =

∣∣∣∣ u = 5x v′ = sinx
u′ = 5 v = − cosx

∣∣∣∣ = −5 [x cosx]
0.2
0 + 5

0.2∫
0

cosxdx = −5 (0.2 cos 0.2− 0) + 5 [sinx]
0.2
0

= − cos 0.2 + 5 sin 0.2 = 0.0133

0.4∫
0.2

sinx · (2− 5x) dx = 2 [− cosx]
0.4
0.2 − 5

0.4∫
0.2

x sinxdx = −2 (cos 0.4− cos 0.2)− 5

[−x cosx]
0.4
0.2 +

0.4∫
0.2

cosxdx


= −2 cos 0.4 + 2 cos 0.2− 5 (−0.4 cos 0.4 + 0.2 cos 0.2)− 5 [sinx]

0.4
0.2 = 0.0263

L (ϕ1) =

0.2∫
0

sinx · 5xdx+

0.4∫
0.2

sinx · (2− 5x) dx = 0.0133 + 0.0263 = 0.0396

B (ϕ0, ϕ1) =

0.2∫
0

(−5 · 5 + 3 (1− 5x) · 5x) dx = −4.9

L̃ (ϕ1) = L (ϕ1)− y0B (ϕ0, ϕ1) = 0.0396− 1 · (−4.9) = 4.9396

• výpočet L̃ (ϕ4):

L (ϕ4) =

0.8∫
0.6

sinx (5x− 3) dx+

1∫
0.8

sinx · (5− 5x) dx = 10 sin 0.8− 5 sin 0.6 + 5 sin 1 = 0.1430

B (ϕ5, ϕ4) =

1∫
0.8

(5 · (−5) + 3 (5x− 4) (5− 5x)) dx = −4.9

L̂ (ϕ4) = L (ϕ4)− y5B (ϕ5, ϕ4) = 0.1430− 2 · (−4.9) = 9.943
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• výpočet L (ϕ2), L (ϕ3):

L (ϕ2) =

0.4∫
0.2

sinx · (5x− 1) dx+

0.6∫
0.4

sinx · (3− 5x) dx = 10 sin 0.4− 5 sin 0.2 + 5 sin 0.6 = 0.0776

L (ϕ3) =

0.6∫
0.4

sinx · (5x− 2) dx+

0.6∫
0.4

sinx · (4− 5x) dx = 10 sin 0.6− 5 sin 0.4 + 5 sin 0.8 = 0.1126

• soustava lineárńıch rovnic: 
10.4 −4.9 0 0
−4.9 10.4 −4.9 0

0 −4.9 10.4 −4.9
0 0 −4.9 10.4

 ·

y1
y2
y3
y4

 =


4.9396
0.0776
0.1126
9.943


• řešeńı soustavy lineárńıch rovnic:

−→y = (1, 0.9632, 1.0363, 1.2205, 1.5311, 2)
T

• přibližné řešeńı diferenciálńı rovnice:

yG = ϕ0 + 0.9632ϕ1 + 1.0363ϕ2 + 1.2205ϕ3 + 1.5311ϕ4 + 2ϕ5

Kateřina Konečná/10. XII. 2018


