12. - 13. VARIACNI FORMULACE OKRAJOVYCH ULOH PRO ODR 2. RADU A JEJ{ DISKRETIZACE poMoci MKP. 1

Uvazujme tlohu

—a®y" +py' +qy = f pro z € (0,1) (1)

a okrajové podminky

Dirichletovy: y(0) = g, y(I) = a4,
e Neumannovy: a?y’(0) = By, —a?y'(l) = 3,
e Newtonovy: a?y’(0) = yoy(0) + Bo, —a?y'(1) = vy(l) + B,
METODA KONECNYCH PRVKU
e prostor testovacich funkei V'
e mnozina piipustnych feseni W
e Galerkinova (slaba) formulace tlohy: Najdéte funkci y € W tak, aby
B(y,v) =L(v) YweV,

kde

! l
B(y,v) = / (—azy” +py + qy) vdx a L(v) = /fv dzx
0 0

e diskretizece ulohy: n = %, [ - délka intervalu, h - diskretizac¢ni krok

n
e piiblizné feseni: yo = > ¢;jp;, neznamé koeficienty cg, c1, ..., ¢, dostdvame jako feSeni soustavy linedrnich rovnic
J=0

_)
K7 =1b,kde

Lo . . P
K se nazyva matice tuhosti a b vektor zatizeni.

B (¢o0,00) B(w1,00) -+ B(@n;¢o) co L(¢o)
B(po,p1) B(p1,01) -+ Bl(pn,e1) e L(p1)
B(0oon) Blengn) -+ Blomen)) \eo)  \Lign)

Piiklad 1. Najdéte aproximaci feseni tlohy

—0.49" +9/ =2
y(0) =—1
—0.4y/(1) = 2y(1)

s krokem h = %.

Reseni.
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Priklad 2. Najdéte aproximaci feseni tilohy

—y" + 3y =sinx
y(0)=1
y(1) =2
s krokem h = %
Reseni. ) } .
l:l,h:g:>n: E:@:5:>xi,i:0,1, ...,5=12;:0,0.2,04,0.6,0.8,1

e mnozina testovacich funkef (prostor piipustnych variaci): V = {v € H*(0,1) : v(0) = v(1) = 0}

e mnozina piipustnych feseni: W = {w € HY(0,1) : w(0) = 1,w(1) = 2}
y' +3y=sinz /v

—y"v + 3yv = sinx - v //dx

1
/ (=y"v +3yv) d
0

1 1
/ —y"v) dx—i—/?)vdx—
0 0

~—— —

per partes

sinz - vdx

O\H

sinz - vdx

\

1 1
! __ 2
[y ao=|nZe, w0 Mo+ [ o de = = oy () + 205/ 0)
0 0 jnry =0
1 1
= / o'y dx + / v'y' dw ... dosadime zpét do rovnice (2) a dostdvdme
0 0
1 1 1
/U'y’da:JrS/yvdo::/sinxmd:r
0 0 0
B(y,v) L(v)

e Galerkinova (slabd) formulace tlohy:
Najdéte funkci y € W tak, aby bylo splnéno B(y,v) = L(v) Vv € V, kde

1
v'y dm+3/yvdm a L(v):/sinx-vdx
0

O\H

e tvar slabého reseni:

yo(z) = yo wo(z) +y1o1(x) + yapa(x) + ysps(z) + yapa(x) + ys ps(x) €W
~—~ ~—~
=1 =2
ya(z) = @o(x) + yro1(x) + yapa(x) + y3w3(x) + yapa(z) + 2p05(x) = hleddme 4 neznadmé yi,y2,ys, Y4
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e maticovy zapis soustavy linedrnich rovnic:

B(p1,01) Blp2,01) Blps,p1) Blpa, 1)
—_— Y—
=0 =0
B(p1,p2) Blp2,02) Blps,p2) Blea,2) | [ L(p1) — yoB(po, 1)
—0 Y2 | _ L(‘P2)
B(p1,93) Blp2,03) Blps,p3) Blea,e3) | | y3 L(ps)
~ Ya L(p4) — ysB(ps, ¢4)
B(p1,p4) Blp2,01) Blps,pa) B(pa, pa)
—_— Y—
=0 =0
e testovaci funkce
0P b3 O] ds
1
0.2 0.4 0.8 1

1-5z 0<2<0.2 0<z2<0.2

0 jinak 0  jinak
0<xr<0.2
2-5z 02<x<04

5 0<2<0.2
02<z<04
jinak
5r—1 02<2x<04
3—5x 04<z<0.6

{ { jinak
02<2<04
04<z<0.6

jinak jinak

Sr—2 04<x<0.6 04<2<06

4—-5z 06<x<0.8 0.6 <z <0.8

jinak jinak

Sx — 06<z<0.8

5—5z 08<x<1

0 jinak

0.6 <z<0.8
0.8<z<1
jinak

50 —4 08<x<1
0 jinak

5 08<z<1
0 jinak

e vypocet prvki matice tuhosti K:

0.2 0.4
Blg1,01)= | (5-5+3-5z-5z) dz+ [ (=5-(=5)+3(2—5x)*) dz = 10.4
®1,¥1 O/ 0/2 ( )
0.4 0.6
Bl ga) = (5-5+3(5x—1)2> da + ( 5-(—5)—|—3(3—5m)2> de = 10.4
0.2 0.4
0.6 0.8
Blgs,ps) = [ (5-5+3(62-2)) dz+ [ (=5-(-5)+3(4~50)°) dv =104
0.4 0.6
0.8 1
Blps, p1) = (5 543 (5z — 3)2) dz + / (—5 (=5)+3(5— 53:)2) da = 10.4

<
=N

0.

0
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(=)

4

B(pa,01) = [ (5-(=5)+3(5z—1)(2—5z)) de = —4.9
og

B(ys,p2)= [ (5-(=5)+3(5bz —2) (3 —5x)) dv = —4.9
o

B(pa,03) = [ (5-(=5)+3(5z —3) (4 —bz)) de = —4.9
o

Blor,a) = [ (=5-5+3(2—52) (52 — 1)) dz = —4.9
g

Blga,¢3) = | (=5-5+3(3 —52) (52 — 2)) dz = —4.9
0.4

0.8

B(ps,pa)= | (-5-5+3(4—5z) (5x — 3)) de = —4.9
0.

[}

e vypocet L(ep):

0.2 0.2
/sinx -brdr = ‘ 1;,::5§ UUI::_S:;:Q: = —5 [z cos x}ga +5 / coszdr = —5(0.2¢c0s0.2 — 0) + 5 [sin m}g'z
0 0
= —co0s0.2+5sin0.2 = 0.0133
0.4 0.4 0.4
sinz - (2 —5z) de = 2[— cos :13]8:;l -5 / zsinzdr = —2(c0os0.4 — cos0.2) — 5 | [~z cos x}gé + [ coszdx
0.2 0.2 0.2
= —2¢080.4+2c080.2 — 5(—0.4¢c0s0.4 4+ 0.2 cos 0.2) — 5 [sin x]gé = 0.0263
0.2 0.4
L{py) = /sinx -brdz + /Sinz (2 — 5z) de = 0.0133 + 0.0263 = 0.0396
0 0.2
0.2
B (o, ¢1) :/(—5~5+3(1 —5z2) - 5z) doe = —4.9
0
L (1) = L(p1) — yoB (g0, 1) = 0.0396 — 1 - (—4.9) = 4.9396

e vypocet L (p4):

L(py) = [ sinz (52 — 3) da +
0.6 0.

sinz - (5 —5z) dr = 10sin0.8 — 5sin 0.6 + 5sin1 = 0.1430

—

o)

B (ps,p4) = / (5-(-5)+3(5Bx—4)(5—>5z)) de=-4.9

L (pa) = L(pa) = ysB (5, pa) = 0.1430 — 2 (—4.9) = 9.943
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o vypocet L (p2), L (p3):

0.4 0.6
sina - (bz —1) de + [ sinx - (3 —5z) dv = 10s8in0.4 — 5sin 0.2 4 5sin 0.6 = 0.0776
0.2 0.4
0.6 0.6
sina - (bz —2) de 4+ [ sinx - (4 — 5x) dz = 10sin0.6 — 5sin 0.4 4+ 5sin 0.8 = 0.1126
0.4 0.4
e soustava linedrnich rovnic:
104 —-49 0 0 Y1 4.9396
—49 104 —-49 0 2 | _ |0.0776
0 —-49 104 —-49 Y3 0.1126
0 0 —-49 104 Y4 9.943

e feseni soustavy linedrnich rovnic:

Y =

e piiblizné feseni diferencidlni rovnice:

(1,0.9632,1.0363,1.2205,1.5311,2)"

Y = @o + 0.963201 + 1.0363¢05 + 1.2205¢3 + 1.5311¢04 + 205
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