6. JACOBIOVA A GAUSSOVA-SEIDELOVA ITERACNT METODA PRO RESEN{ SYSTEMU LIN. ROVNIC. Katefina Koneénd,/1

ITERACNI METODY PRO RESENi SYSTEMU LINEARNICH ROVNIC
Budeme se zabyvat feSenim soustavy linearnich rovnic
Az =b
s regularni matici soustavy A.
Princip itera¢nich metod: pfevést soustavu Ax = b na systém x = Tx + d s itera¢ni matici T
Itera¢ni proces:
) = 72 4 g,

vhodnou volbou itera¢ni matice T" a vektoru d dostavame konkrétni itera¢ni metodu.
STOP podminka: ‘ A
2D — 2@, < ¢, kde * € {00,1,2}

Rozklad matice soustavy A:

A=D+L+U,
kde D znaé¢i diagondlni matici, L dolni trojihelnikovou matici bez diagondly a U horni trojihelnikovou matici bez
diagonély:

a1 0 . 0 0 0 0 0 aip - ain
0 ass -~ O a1 0 - 0 0 0 - ag,
D - . . ) L = . . . 9 U = . . .
. . . . . . . . : Ap—1,n
0 0 o Ap.n an,1 Qp on—1 0 0 0 o 0

JACOBIOVA ITERACNI METODA

Soustavu
Ar =b
feSime rozkladem matice A = D + L 4+ U. Postupnymi tpravami
Az =10

(D+L+U)x=>
Dx=—(L+U)x+b
z=-D'(L+U)x+D'b
dostavame iteracni proces ve tvaru _ _
2D = D YL+ U) 2 + Db
T d;y

s iteracni matici T';.

GAUSSOVA-SEIDELOVA ITERACNI METODA

Soustavu

Ar =b
feSime rozkladem matice A = D + L 4+ U. Postupnymi tpravami
Ax=0b
(D+L+U)x=>5
(D+Lyx=-Uzx+b
x=—(D+L) U+ (D+L)"'b
dostavame itera¢ni proces ve tvaru

e = (D+ L)' UzD +(D+ L)'
— ——
Tas dgs

s iteracni matici Tgg.
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Konvergence metod:

e A ryze tadkové diagonalné dominantni:

n
|aiqi| > Z‘aivﬂ t=1,...,n
j=1

J#i
A - ryze tédkové diagondlné dominantni = konvergence pro libovolnou po¢ateéni aproximaci () € R”™.
n
Pozn. A ryze sloupcové diagondlné dominantni: |a;;| > > |a; ;| j=1,...,n
i=1
1#]

e Iteracni posloupnost x(¥ konverguje k presnému feseni systému linedrnich rovnic, existuje-li norma matic |-l
souhlasna s normou vektoru tak, ze |T']| < 1.

Priklad 1. Danou soustavu linedrnich rovnic

3$1+1'2 + x3 =2

2x1 + 4x0 + x3

—x1 — T2

=4

—3.’[]3 =-1

feste Jacobiovou i Gaussovou-Seidelovou metodou. Zvolte pocateéni aproximaci () = (0,0,0)T a e = 0.001.

Reseni.

e | Jacobiova metoda:

O T LT (|8 o N N GO AN SO | N YN A IO G LT G K4
0 0 0 0 - 0 0 0 0 - 0 0 0 0 -
1 | 0.6667 1.0000 0.3333 1.0000 1 | 0.6667 1.0000 0.3333 2.0000 1 | 0.6667 1.0000 0.3333 1.2472
2 | 0.2222 0.5833 -0.2222 0.5555 2 10.2222 0.5833 -0.2222 1.4167 2 | 0.2222 0.5833 -0.2222 0.8245
3 | 0.5463 0.9445 0.0648 0.3612 3 | 0.5463 0.9445 0.0648 0.9723 3 | 0.5463 0.9445 0.0648 0.5638
19 | 0.4234 0.8081 -0.0766 0.0009 | 22 | 0.4230 0.8076 -0.0770 0.0007 || 21 | 0.4232 0.8079 -0.0768 0.0007

0.4234 0.4230 0.4232

= 0.8081 z = 0.8076 z= 0.8079
—0.0766 —0.0770 —0.0768
e | Gaussova-Seidelova metoda: ‘

I A O VNN A o0 0 N SO CANT: SO | YN 20 N SO SN SN |
0 0 0 0 — 0 0 0 0 — 0 0 0 0 —
1| 0.6667 0.6667 -0.1111 0.6667 || 1 | 0.6667 0.6667 -0.1111 1.4445 || 1 | 0.6667 0.6667 -0.1111 0.9494
2 1 0.4815 0.7870 -0.0895 0.1852 || 2 | 0.4815 0.7870 -0.0895 0.3271 || 2 | 0.4815 0.7870 -0.0895 0.2219
31 0.4342 0.8053 -0.0798 0.0473 || 3 | 0.4342 0.8053 -0.0798 0.0753 || 3 | 0.4342 0.8053 -0.0798 0.0516
4 1 0.4248 0.8075 -0.0775 0.0094 || 4 | 0.4248 0.8075 -0.0775 0.0139 || 4 | 0.4248 0.8075 -0.0775 0.0099
51 0.4233 0.8077 -0.0770 0.0015 || 5 | 0.4233 0.8077 -0.0770 0.0022 || 5 | 0.4233 0.8077 -0.0770 0.0016
6 | 0.4231 0.8077 -0.0769 0.0002 || 6 | 0.4231 0.8077 -0.0769 0.0003 || 6 | 0.4231 0.8077 -0.0769 0.0002

0.4231 0.4231 0.4231

T = 0.8077 T = 0.8077 z = 0.8077
—0.0769 —0.0769 —0.0769
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Priklad 2. Danou soustavu linedrnich rovnic

10zy — 529 +4x23 =3
xr1 — 1029 + 1223 = =5

I —81'2 +5$3 =—-13

feste Jacobiovou i Gaussovou-Seidelovou metodou. Zvolte pocétecni aproximaci 2(®) = (0,0,0)” a e = 0.1.

Reseni.
Matice soustavy
10 -5 4
A=|1 —-10 12
1 -8 5
neni ryze fadkové ani sloupcové diagondlné dominantni,
10 4 -5 3
= budeme uvazovat matici soustavy A = [ 1 12 —10 | a vektor pravé strany b= | —5 | . Resfme soustavu linedrnich
1 5 =8 —13

rovnic Az = b s vektorem feSeni = (z,y, z)T7 kde x = z1, y = 3 a z = x2. Nové vznikld matice soustavy (z puvodni
soustavy vznikla vyménou pproménnych xo a x3) je jiz ryze fadkové diagondlné dominantni (10 > 4 + 5, 12 > 1 + 10, 8
> 14+ 5), déle fesime itera¢nimi metodami.

° ’ Jacobiova metoda:

Resime systém linarnich rovnic

10 0 0 (D 0 -4 5 z(®) 3
0 12 0 it =[-1 0 10 yD |+ -5
0 0 -8 2(i+1) -1 =5 0 2(® —13
Iteraéni proces:
i 2@ Y 2D e || 2 y(® (D) [P 2 ne (1) -2
0 0 0 0 - 0 0 0 0 - 0 0 0 0 -
1 | 0.3000 -0.4167 1.6250 1.6250 || 1 | 0.3000 -0.4167 1.6250 2.3417 || 1 | 0.3000 -0.4167 1.6250 1.7042
2 | 1.2792  0.9125 1.4021 1.3292 || 2 | 1.2792 0.9125 1.4021 25313 | 2 | 1.2792 0.9125 1.4021 1.6659
3 | 0.6361 0.6451 2.3552 0.9531 || 3 | 0.6361 0.6451 2.3552 1.8636 || 3 | 0.6361 0.6451 2.3552 1.1805
4 | 1.2196 1.4930 2.1077 0.8479 || 4 | 1.2196 1.4930 2.1077 1.6789 || 4 | 1.2196 1.4930 2.1077 1.0586
5 | 0.7566 1.2381 2.7106 0.6029 || 5 | 0.7566 1.2381 2.7106 1.3208 || 5 | 0.7566 1.2381 2.7106 0.8018
15 | 0.9632 1.9434 3.0128 0.0780 || 20 | 1.0143 2.0100 2.9835 0.0916 || 17 | 0.9745 1.9643 3.0122 0.0902
i 0.9632 &1 1.0143 # 0.9745
T= 25| =]1.9434 z= 25| = (20100 z= 25| =[1.9643
£ 3.0128 & 2.9835 &9 3.0122
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e | Gaussova-Seidelova metoda:

Resime systém linarnich rovnic

10 0 0 2+ 0 -4 5 z® 3
1 12 0 gt =0 0 10 y@ 4+ -5
1 5 -8 Z(i+1) 0 0 0 PA —~13
Iteracni proces:
i 2() y(®) (1) - oo H i 2() y® (1) |- 11 H i ‘ 2 y® 5 |- 1l2
0 0 0 0 - 0 0 0 0 - 0 0 0 0 -
11 0.3000 -0.4417 1.3865 1.3865 || 1 | 0.3000 -0.4417 1.3865 2.1282 || 1 | 0.3000 -0.4417 1.3865 1.4858
2| 1.1699 0.6413 2.1720 1.0830 || 2 | 1.1699 0.6413 2.1720 2.7384 || 2 | 1.1699 0.6413 2.1720 1.5958
3| 1.1295 1.2992 2.5782 0.6579 || 3 | 1.1295 1.2992 25782 1.1045 || 3 | 1.1295 1.2992 2.5782 0.7742
4 | 1.0694 1.6427 2.7854 0.3435 || 4 | 1.0694 1.6427 2.7854 0.6108 || 4 | 1.0694 1.6427 2.7854 0.4056
51 1.0356 1.8182 2.8908 0.1755 || 5 | 1.0356 1.8182 2.8908 0.3147 || 5 | 1.0356  1.8182 2.8908 0.2075
6 | 1.0181 1.9075 2.9444 0.0893 || 7 | 1.0092 1.9529 29717 0.0816 || 7 | 1.0092 1.9529 2.9717 0.0537
1 1.0181 1 1.0092 1 1.0092
z=|23| = {19075 T=|23| =11.9529 z=|23| =11.9529
o 2.9444 To 2.9717 To 2.9717
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Reseny piiklad z praxe.

Stavebni inzenyr pozaduje pro realizaci svého projektu 4800 m? pisku,
5800 m? jemného stérkopisku a 5700 m? hrubého stérkopisku. Tézebni
spole¢nost ma k tézbé tohoto materialu k dispozici tii jamy s nasledujicim
zastoupenim:

| pisek [%] hruby Stérkopisek [%] jemny stérkopisek [%]

jama ¢. 1 52 30 18
jama ¢. 2 20 50 30
jama ¢. 3 25 15 55

Kolik m3 pisku, jemného a hrubého stérkopisku mé byt z kazdé jamy
vytézeno, aby byly pokryty potieby inzenyra? Volte ¢ = 0.01 a feSte Zdroj: [1] + vlastni uprava
pomoci Jacobiovy i Gaussovy-Seidelovy metody.

Reseni.
Oznacme z, y a z mnozstvi materidlu, ktery ma byt (v tomto poradi) vytézen z prvni, druhé a tieti jdmy. Dostdvame tak
soustavu linearnich rovnic

52 20 25

nll = Enbipopy}
100° T 100t 1007 = 180
30 50 15

18 30 55
= o 2y 22— 5700.
100" T 100Y T 1007

, . . . . . o ’ "y . ’ Cevs ’ 1 o
Vypocet s matlcl.soustavy slozepe z prirozenych ¢isel je pro nas pohodlIngjsi, proto z ni vytkneme hodnotu {55. Dostédvame
novou soustavu linedrnich rovnic

521 + 20y1 + 2521 = 4800
30z1 + 50y1 + 1521 = 5800
1821 + 30y; + 5521 = 5700

s matici soustavy

92 20 25
A=130 50 15],
18 30 55

Z_

kde 1 = 155, y1 = 1% a2z = 155 Resen{ ziskand pomoci Jacobiovy a Gassovy-Seidelovy metody bude z tohoto divodu
potieba na konci vypoctu jesté vynasobit hodnotou 100.
Matice A je ryze fddkové diagondlné dominantnf (52 > 20 4 25, 50 > 30 + 15, 55 > 18 + 30), muzeme tedy pro libovolnou
volbu pocétecni aproximace odhadnout potiebné mnozstvi materidlu, které je tieba vytézit z jam.
Volba pocateéni aproximace:

z® = (0,0,0)" .

e | Jacobiova metodas:

Resime systém lindrnich rovnic

52 0 0\ (24 0 —20 —25\ [\ /4800
0 50 0] [y ]=1-30 0 —15] [y ]+ 5800
0 0 55/ |, ~18 —30 0 20 5700
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Tteracni proces:

[1] https://thumbs.dreamstime.com/z/doodle-excavator-drawing-vector-eps-34277567.jpg

[verze: 27. X. 2017]

iy e i e i ] ey )
0 0 0 0 - 0 0 0 0 - 0 0 0 0 -
1 ] 92.308 116.000 103.636 116.000 1 ]92.308 116.000 103.636 311.944 1 | 92.308 116.000 103.636 180.879
2 | -2.133  29.525 10.154 94.441 2 | -2.133  29.525 10.154  274.399 2 | -2.133  29.525 10.154  158.544
3 | 76.071 114.234 88.230  84.709 3 | 76.071 114.234 88.230 240.989 || 3 | 76.071 114.234 88.230 139.238
4 | 5953 43.889 16.431  71.799 4 | 5953 43.889  16.431 212.261 || 4 | 5953  43.889  16.431 122.556
5 | 67.528 107.499 77.749  63.610 5 | 67.528 107.499  77.749 186.502 || 5 | 67.528 107.499 77.749  107.692
74 |1 39.072 78.072  48.257 0.009 82 | 39.075 78.075  48.259 0.009 78 | 39.074  78.074  48.258 0.009
39.072 39.075 39.074
z, = | 78.072 z, = [ 78.075 z, = | 78.074
48.257 48.259 48.258
Mnozstvi vytézeného materidlu z prvni, druhé a tieti jamy je
- Il | -1l - Il
3907.2 3907.5 3907.4
x =100z, = | 7807.2 x =100z, = | 7807.5 x =100z, = [ 7807.4
4825.7 4825.9 4825.8
e | Gaussova-Seidelova metoda:
Resime systém lindrnich rovnic
52 0 0\ [«ftV 0 —20 —25\ [z’ 4800
30 50 0 pA=(0 0 —15]- |49 [+ 5800
18 30 55 Lt 0 0 0 MO 5700
1 1
Iteracni proces: . ‘ ‘ ‘ ‘ ‘ ‘
U I R O GO P N N GO GO~ GO (K3 U 0 I GO SO GO |
0 0 0 0 - 0 0 0 0 - 0 0 0 0 -
1192308 60.615 40.364 92.308 || 1 | 92.308 60.615 40.364 193.287 || 1 | 92.308 60.615 40.364 117.576
2 | 49.589 74.138 46.969 42.719 || 2 | 49.589 74.138 46.969 62.847 || 2 | 49.589 74.138 46.969 45.293
3| 41.212 77.182 48.049 8.376 3| 41.212 77.182 48.049 < 12.502 3| 41.212 77.182 48.049 8.978
4| 39.522 T77.872 48.226 1.691 4 | 39.522 T77.872 48.226 2.557 4 | 39.522 T77.872 48.226 1.834
5139.171 78.029 48.255 0.351 || 5| 39.171 78.029 48.255  0.537 51 39.171 78.029 48.255  0.385
8 | 39.077 78.076 48.261 0.004 | 8 | 39.077 78.076 48.261  0.006 8 | 39.077 78.076 48.261  0.004
39.077 39.077 39.077
T, = | 78.076 z; = | 78.076 z; = | 78.076
48.261 48.261 48.261
Mnozstvi vytézeného materidlu z prvni, druhé a tfeti jamy je
- Il | -1l - Il2
3907.7 3907.7 3907.7
z=100Z; = | 7807.6 =100, = | 7807.6 x =100z, = | 7807.6
4826.1 4826.1 4826.1



