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ŘEŠENÍ SYSTÉMŮ LINEÁRNÍCH ROVNIC SE SYMETRICKÝMI POZITIVNĚ DEFINITNÍMI MATICEMI

Budeme se zabývat řešeńım soustavy lineárńıch rovnic

Ax = b

se symetrickou pozitivně definitńı matićı soustavy A.
Pozitivně definitńı matice: všechny hlavńı minory (determinanty všech čtvercových submatic) jsou kladné.
Tvrzeńı. Je-li A symetrická pozitivně definitńı matice, pak existuje horńı trojúhelńıková matice U s kladnými prvky na
diagonále taková, že

A = UTU .

Toto vyjádřeńı se nazývá CHOLESKÉHO ROZKLAD matice A.

Postupným porovnáńım prvk̊u na obou stranách soustavy
a11 a12 . . . a1n
a21 a22 . . . a2n
...

...
. . .

...
an1 an2 . . . ann

 =


u11 0 . . . 0
u12 u22 . . . 0

...
...

. . .
...

u1n u2n . . . unn

 ·

u11 u12 . . . u1n

0 u22 . . . u2n

...
...

. . .
...

0 0 . . . unn


dostáváme vyjádřeńı prvk̊u matice U = (uij) v obecném tvaru:

u11 =
√
a11,

u1j =
a1j
u11

, j = 2, . . . , n,

uii =

√√√√aii −
i−1∑
k=1

u2
ki, i = 2, . . . , n,

uij =
1

uii
(aij −

i−1∑
k=1

ukiukj), i < j,

uij = 0, i > j.

Řešeńı systému lineárńıch rovnic pak nastává ve dvou kroćıch:

Ax = b

UT Ux︸︷︷︸
z

= b −→ 1. UTz = b −→ z

2. Ux = z −→ x.

Př́ıklad 1. Choleského metodou řešte systém lineárńıch rovnic

x1 + x2 + x3 = 3

x1 + 5x2 + 5x3 = 11

x1 + 5x2 + 14x3 = 20.
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Př́ıklad 2. Choleského metodou řešte systém lineárńıch rovnic

2x1 + 8x2 + 4x3 = 2

x1 + 2x2 + x3 = −2

x1 + 4x2 + 6x3 = 3.

Řešeńı.
Protože matice soustavy A neńı symetrická, stač́ı zaměnit pořad́ı některých rovnic:

x1 + 2x2 + x3 = −2

2x1 + 8x2 + 4x3 = 2

x1 + 4x2 + 6x3 = 3

• ověřeńı podmı́nek:

• A symetrická

• |A1| = 1 > 0, |A2| = 4 > 0, |A3| = 16 > 0

• konstrukce matice U : 1 2 1
2 8 4
1 4 6

 =

u11 0 0
u12 u22 0
u13 u23 u33

 ·
u11 u12 u13

0 u22 u23

0 0 u33


1 = u2

11 ⇒ u11 = 1

2 = u11 · u12 ⇒ u12 = 2

1 = u11 · u13 ⇒ u13 = 1

8 = u2
12 + u2

22 ⇒ u22 =
√

8− u2
12 =

√
4 = 2

4 = u12 · u13 + u22 · u23 ⇒ u23 =
1

u22
(4− u12 · u13) =

1

2
(4− 2) = 1

6 = u2
13 + u2

23 + u2
33 ⇒ u33 =

√
6− u2

13 − u2
23 =

√
6− 1− 1 = 2

U =

1 2 1
0 2 1
0 0 2


• řešeńı systému Ax = b:

1. řešeńı UTz = b:  1 0 0 −2
2 2 0 2
1 1 2 3

 ⇒ z =

−2
3
1


2. řešeńı Ux = z:  1 2 1 −2

0 2 1 3
0 0 2 1

 ⇒ x =

−5
5
4
1
2


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Řešený př́ıklad z praxe.
Máme pět závaž́ı, jedno z nich má hmotnost 1 kg. Chceme zjistit hmotnosti zbylých závaž́ı. Experiment s tyč́ı zanedbatelné
váhy vedl k těmto rovnovážným stav̊um:

• 1. rovnovážný stav:

●

a
●

b
●

c
●

d
●

1

0 4−2 62−8

• 3. rovnovážný stav:

●

a
●

b
●

c
●

d
●

1

0 6−3 104−17

• 2. rovnovážný stav:

●

a
●

b
●

c
●

d

0−2 5−3−5

• 4. rovnovážný stav:

●

a
●

b
●

c
●

d
●

1

0 2−5 4 7−9

Řeště Choleského metodou.

Řešeńı.
K jednotlivým rovnovážným stav̊um sestav́ıme rovnice:

• 1. rovnovážný stav: 6c + 4a + 2d− 2b− 8 · 1 = 0

• 2. rovnovážný stav: 5b− 2a− 3c− 5d = 0

• 3. rovnovážný stav: 10c + 6a + 4d− 3b− 17 · 1 = 0

• 4. rovnovážný stav: 7d + 4c + 2a− 5b− 9 · 1 = 0

Dostáváme systém lineárńıch rovnic: 
4 −2 6 2
−2 5 −3 −5
6 −3 10 4
2 −5 4 7


︸ ︷︷ ︸

A

·


a
b
c
d


︸ ︷︷ ︸

x

=


8
0
17
9


︸ ︷︷ ︸

b

.

Ověřeńı podmı́nek:

• A symetrická

• |A1| = 4 > 0, |A2| = 16 > 0, |A3| = 16 > 0, |A4| = 16 > 0 −→ A je pozitivně definitńı

Konstrukce matice U : 
4 −2 6 2
−2 5 −3 −5
6 −3 10 4
2 −5 4 7

 =


u11 0 0 0
u12 u22 0 0
u13 u23 u33 0
u14 u24 u34 u44

 ·

u11 u12 u13 u14

0 u22 u23 u24

0 0 u33 u34

0 0 0 u44


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a11 = u2
11 → u11 =

√
a11 =

√
4 = 2→ u11 = 2

a12 = u11 · u12 → u12 =
a12
u11

=
−2

2
= −1→ u12 = −1

a13 = u11 · u13 → u13 =
a13
u11

=
6

2
= 3→ u13 = 3

a14 = u11 · u14 → u14 =
a14
u11

=
2

2
= 1→ u14 = 1

a22 = u2
12 + u2

22 → u2
22 = a22 − u2

12 = 5− 1→ u22 = 2

a23 = u12 · u13 + u22 · u23 → u23 =
a23 − u12 · u13

u22
=
−3− (−1) · 3

2
= 0→ u23 = 0

a24 = u12 · u14 + u22 · u24 → u24 =
a24 − u12 · u14

u22
=
−5− (−1) · 1

2
= −2→ u24 = −2

a33 = u2
13 + u2

23 + u2
33 → u2

33 = a33 − u2
13 − u2

23 = 10− 9− 0 = 1→ u33 = 1→ u33 = 1

a34 = u13 · u14 + u23 · u24 + u33 · u34 → u34 =
a34 − u13 · u14 − u23 · u24

u33
=

4− 3 · 1− 0

1
= 1→ u34 = 1

a44 = u2
14 + u2

24 + u2
34 + u2

44 → u2
44 = a44 − u2

14 − u2
24 − u2

34 → u44 =
√

7− 1− 4− 1 = 1→ u44 = 1

=⇒ U =


2 −1 3 1
0 2 0 −2
0 0 1 1
0 0 0 1

 , UT =


2 0 0 0
−1 2 0 0
3 0 1 0
1 −2 1 1


Řešeńı systémů:

• řešeńı systému UTz = b: 
2 0 0 0 8
−1 2 0 0 0
3 0 1 0 17
1 −2 1 1 9

 ⇒ z =


4
2
5
4


• řešeńı systému Ux = z: 

2 −1 3 1 4
0 2 0 −2 2
0 0 1 1 5
0 0 0 1 4

 ⇒ x =


a
b
c
d

 =


1
5
1
4


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