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ITERACNI METODY RESENI NELINEARNICH ROVNIC

- fe8eni nelinedrni rovnice f(z) =0,
- separace kofentt = hledéni intervalu (a,b), ve kterém se nachézi pravé jeden kofen,
- predpoklady: f spojitd na intervalu (a,b) + musi byt splnéna podminka f(a) - f(b) <0

METODA PULENI INTERVALU (METODA BISEKCE)

- v kazdém kroku konstrukee intervalu (ag, bp) D {(a1,b1) D -+ D {(an, bn),
- stfed intervalu:

1
si:f(ai+bi),i:(),1,...,n

2
- odhad chyby:
1
di:§(bi—ai),i:0,1, ...
- odhad poctu kroku:
bo — ag
T <

- f(az) . f(Sl‘) <0— Qi1 = Gy, bi+1 = S;
f(si) - f(bi) <0 — aip1 = si, bip1 =b;
- STOP podminky: d; < ¢

METODA PROSTE ITERACE

- f(2) =0% 2 =g(z)
- ekvivalence dlohy: hleddni kofene rovnice f(z) = 0 odpovidd hledédni pevného bodu funkece g(x)
- podminky:

1. g(z) e C(I)
2. zobrazeni do sebe: g : I — I
3. 19 (@) <1 Veel

- konstrukee: z;11 = g(x;), i =0,1, ...
- geometricky vyznam: feSit rovnici z = g(x) znamend hledat prusecik piimky y = = s k¥ivkou y = g(x)
- STOP podminky: |z, 11 — x| <e€

NEWTONOVA METODA

- f@) =0&x=g(x)

- konstrukce:

_ f()
f'(@s)

- geometricky vyznam: bod z;,1 je prusecik tecny ke grafu funkce f(x) v bodé [z;, f(z;)] s osou z

- Fourierovy podminky = podminky konvergence:

Tiy1 = T4 7f/(wl)7éo77’:0717

1. f(z) € C*(I)
2. f'(x), f"(x) nemén{ znaménko na I
3. volba pocdtecni aproximace: xg tak, aby f(zo) - f"(z¢) >0

- STOP podminky: |21 — 2] < e
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Priklad 1. Najdéte vsechny kofeny rovnice x + e~ 7

— 2 =0 s presnost{ 0.01
a) metodou bisekce,
b) metodou prosté iterace,
¢) Newtonovou metodou.

Resend.

e hruby odhad intervalu, uréeni poc¢atecnich aproximaci:

r+e ¥ -2=0

847 flz)=o+e*—2
s | e interval pro odhad zaporného kotene:
| & (-2,-1)
f(=2) = _9). f(—
. e J(=2)- f(=1) <0
o e interval pro odhad kladného kotene:
’ §2 € <072>
N o +
+ f(0) = }
0)-f(2) <0
N . o) — £(0)- £2)
&1 &2
T T T T I
-2 -1 0 1 2
a) ’ metoda bisekce: ‘ 1
8; = *(ai + bi)
2
1
di = 5(bi — )
STOP kritérium: d; < €
e odhad zdporného kofene:
odhad poc¢tu krokt: tabulka hodnot:
by — ag ,
git1 € i a; b; S d; flai)  f(bs) f(si)
0
1
2
3
4 1-1.1875 -1.125  -1.1563 0.0313 0.0914 -0.0448 0.0217
51 -1.1563 -1.125  -1.1406 0.0156 0.0217 -0.0448 -0.0119
6 | -1.1563 -1.1406 -1.1484 0.0078 < 0.01  0.0217 -0.0119 0.0048

odhad zaporného kofrene:
1 = —1.1484 £ 0.0078



2-3. METODA BISEKCE, MET. PROSTE ITERACE, NEWTONOVA METODA PRO RESEN{ f(z) =0. Katefina Konetn4/ 3

e odhad kladného kofene:

odhad poc¢tu kroku: tabulka hodnot:
bo—a .
02¢+1 ° i | a bi si d; flai) — fbi)  f(s:)
2 - -
o < 0.0l 010 2 1 1 1 0.1353 -0.6321
9 1)1 2 1.5 0.5 -0.6321 0.1353 -0.2769
i+1
0.01 <2 2115 2 1.75 0.25 -0.2769 0.1353 -0.0762
200 < 21!
3| 175 2 1.875  0.125 -0.0762 0.1353 0.0284
log,200 < i+ 1
i 4| 1.75 1.875  1.8125 0.0625 -0.0762 0.0284 -0.0243
1> 7.6439 — 1
i=7 51 1.8125 1.875  1.8438 0.0313 -0.0243  0.0284 0.0020
6| 1.8125 1.8438 1.8281 0.0156 -0.0243  0.0020 -0.0112
7 1.8281 1.8438 1.8359 0.0078 < 0.01 -0.0112 0.0020 -0.0046

odhad kladného kofene:
Iy = 1.8359 4+ 0.0078

b) ’ metoda prosté iterace:

Ti4+1 = g(l‘i), 1= 0, 1,
STOP kritérium: |z;41 — x| < e

e odhad zaporného korene:
volba itera¢ni funkce:

l.x+e™-2=0
glx) =z = , podminky:
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2. x4+e*—-2=0

glo) =z =

odhad zaporného korene:

, podminky:
i Tiv1 = g(wi)  |Tit1 — T
0
1
2
3| -1.1693 -1.1535 0.0158
41 -1.1535 -1.1485 0.0050 < 0.01

1 = —1.1485 £ 0.0050

Pozn. Tabulka hodnot pro jinou volbu poc¢éteéni aproximace:

odhad zaporného korene:

i @ Tit1 = g(@i) |1 — @
01-1 -1.0986 0.0986

1 |-1.0986 -1.1310 0.0323

2| -1.1310 -1.1413 0.0104

3 | -1.1413 -1.1446 0.0033 < 0.01

1 = —1.1446 £ 0.0033
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e odhad kladného kofene:

volba itera¢ni funkce:
r+e*=2=0

g(x) =x =2 —e"", podminky:

1. g(z) € C(0,2)

2. g(0)=1¢€(0,2)
9(2) = 1.8647 € (0,2)

extrém? ¢'(x) =e " ...

nemd extrém na (0, 2)

3. |¢’(0)] =1 — posunout levy krajni bod intervalu do 0.1 — novy interval (0.1, 2) + dodateéné ovéfeni podminek:
9(0.1) = 1.0952 € (0.1,2), |¢’(0.1)] = 0.9048 < 1

19'(2)] = 0.1353 < 1

extrém? ¢"(z) = —e™ "

odhad kladného kofene:

. nem4 extrém na (0.1, 2)

Q| Tiy1 = g(xi)  |Tip1r — @i
00.1 1.0952 0.9952

1] 1.0952 1.6655 0.5704

2 | 1.6655 1.8109 0.1454

3 | 1.8109 1.8365 0.0256

4 | 1.8365 1.8406 0.0041 < 0.01

ZTo = 1.8406 £ 0.0041

Pozn. Tabulka hodnot pro jinou volbu poc¢dteéni aproximace:

odhad kladného kofene:

N Tit1 = g(xi) |1 — @
012 1.8647 0.1353

1| 1.8647 1.8451 0.0196

2 | 1.8451 1.8420 0.0031 < 0.01

L9 = 1.8420 £ 0.0031
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c) ’ Newtonova metoda

—}f,((?),izo,L...

STOP kritérium: |z;4+1 — x| < &

Tit1 = T4

e odhad zaporného korene:

Fourierovy podminky:
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iteracni proces:

(A Tit1 |zip1 — o4

0

1 0.2622

2 | -1.2073 -1.1488 0.0585

3| -1.1488 -1.1462 0.0026 < 0.01

odhad zaporného kofene:
1 = —1.1462 £ 0.0026

e odhad kladného kofene

Fourierovy podminky:

1. flx)=ax+e*=2€C((0,2))
flx)y=1-¢e""€C({(0,2))
f(@) =e"" € C((0,2))

2. (0)=0
#/(2) = 0.8647

extrém? f’(x) = e™” nemd extrém na (0, 2)

f10)=1
£7(2) = 0.1353
extrém? f"”'(z) = —e~ " neméa extrém na (0, 2)

3. volba pocatec¢ni aproximace g :
f(0)=-1
f(2) =0.1353 — f(2)- f"(2) >0 —> 29 =2

iteracni proces:

T | @ Tit1 = g(x;)  |Tip1 — x4
0|2 1.8435 0.1565
1| 1.8435 1.8414 0.0021 < 0.01

odhad kladného kofene:
To = 1.8414 £+ 0.0021
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Reseny piiklad z praxe.
Parasutista pada z klidového stavu. Jeho rychlost v je ddna v zavislosti na ¢ase rovnici

_gm

v(t) == (1—e "),

c

kde g = 9.8 m-s~2 a ¢ = 13 kg-s~!. Predpoklddejme, Ze parasutista vazi m = 95 kg.
Odhadnéte dobu, po které parasutista dosdhne rychlosti 35 m-s—!
a) analyticky,
b) metodou bisekce (s piesnosti ¢ < 1073),
)

¢) metodou prosté iterace (s piesnosti ¢ < 1073),

d) Newtonovou metodou (s piesnosti € < 1073). Zdroj: [1]
Reseni.

a) ’ analytické f'eéeni:‘

Resfme nelinedrn{ rovnici f(¢) = 0, kde f(t) = 22 (1 —e~ ) — v

:gm(l —ﬁt) s |
Cc
Ccv _ < Q1
L —1l—em
gm g |
_ < cvU
emt =1 - — =
gm 3

-10

|
L
Il
Sy
—
|
Q
3le
N———
=20
1

~
I
|
o
=
N
—_
|
Na)
el
N——
=30
1

t =4.9023s :

b) ’ metoda bisekce: | napi. I = (3,6)

i a; bi 5 d; flai)  f(bi) f(si)
0 3.0000 6.0000 4.5000 1.5000 -10.8872 5.1069 -2.0723
1 4.5000 6.0000 5.2500 0.7500 -2.0723  5.1069 1.7014
2 4.5000 5.2500 4.8750 0.3750 -2.0723 1.7014 -0.1371
3 4.8750 5.2500 5.0625 0.1875 -0.1371 1.7014  0.7939
4 4.8750 5.0625 4.9688 0.0938 -0.1371 0.7939 0.3314
5 4.8750 4.9688 4.9219 0.0469 -0.1371 0.3314 0.0979
6 4.8750 4.9219 4.8984 0.0234 -0.1371 0.0979 -0.0194
7 4.8984 4.9219 4.9102 0.0117 -0.0194 0.0979  0.0393
8 4.8984 4.9102 4.9043 0.0059 -0.0194 0.0393  0.0100
9 4.8984 4.9043 4.9014 0.0029 -0.0194 0.0100 -0.0047
10 | 4.9014 4.9043 4.9028 0.0015 -0.0047 0.0100 0.0027
11 | 4.9014 4.9028 4.9021 0.0007 < ¢ -0.0047 0.0027 -0.0010

odhad korene:
t = 4.9021 + 0.0007
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c) ’ metoda prosté iterace:‘

am

Volba iteraéni funkce: g(t) = te~mt I =(3,6)

gm — cv
Ovéreni podminek:

1. g(t) € C'({3,6))

2. g(3) = 3.8920 € (3,6)
g(6) =5.1632 € (3,6)
M4 funkce g(t) na intervalu (3,6) extrém?

m c c
gt = L~ (1 - —t) =0
gm — cv m
C C
=e m'=0V1-—t=0
m
. . c m .
muze nastat pouze 2. situace: 1 — —t =0=t= — = 7.3077 ¢ (3,6)
m c

= jednd se o zobrazeni do sebe

3. ¢'(3) = 0.7647 < 1
¢'(6) = 0.1540 < 1
Ma4 funkce ¢'(t) na intervalu (3,6) extrém?

O CRE (B P =g I

Cgm—cv m m m
m —c c c
_gm ~—(2——t) e ml =
gm—cv m m

29— St=0ve mt=0
m
muZe nastat pouze 1. situace: 2 — Ct=0=t=2" 146154 ¢ (3,6)
m c

= plati |[¢'(t)| <1 Vte (3,6)

Vypocet:

v |t tiv1 = g(t)  |tiv1 —ti]
0 | 3.0000 3.8920 0.8920

1| 3.8920 4.4691 0.5770

2 | 4.4691 4.7420 0.2730

3| 4.7420 4.8472 0.1052

4| 4.8472 4.8839 0.0367

5 | 4.8839 4.8962 0.0123

6 | 4.8962 4.9003 0.0041
7149003 4.9016 0.0013

8 | 4.9016 4.9021 0.0004 < 0.01

odhad kofene:
£ = 4.9021 + 0.0004
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d) ’ Newtonova metoda:

Vychézime z rovnice

a fesfme f(t) =0, kde

() =5 (1)
c
Volime interval I = (3, 6).
Ovéteni Fourierovych podminek:
1. f(t) = % (1—ec ") —veC((36)
(=9I Loty ZE = —gewt e O((3,6
Fa) =2 (e TOo =g e 0((3,6)

f”(t) _ ,%e*v%t S C(<336>>

2. f'(3) = 6.5004
f(6) = 4.3117
extrém? exponenciala monotonni funkce = nema extrém na [
1" (3) = —0.8895
1 (6) = —0.5900
extrém? exponenciala monotonni funkce = nemad extrém na [

3. volba pocatec¢ni aproximace xg :
f(3) = —10.8872
f(6) =5.1069 — f(3)- f"(3) >0 — 29 =3

iteracni proces:

v | @ Tip1 = g(®;)  |@ig1 — 4
0 | 3.0000 4.6749 1.6749

1| 4.6749 4.8988 0.2239

2 | 4.8988 4.9023 0.0035

3| 4.9023 4.9023

odhad korene:
t =4.9023 +

[1] http://www.shapesticker.eu/Samolepka-Parasutista-d49.htm?tab=description [verze: 4. X. 2017]



