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ŘEŠENÍ SYSTÉMŮ LINEÁRNÍCH ROVNIC

• zabýváme se řešeńım systému lineárńıch rovnic

a11x1 + a12x2 + . . . + a1nxn = b1

a21x1 + a22x2 + . . . + a2nxn = b2

...

an1x1 + an2x2 + . . . + annxn = bn

• maticový zápis:

A−→x =
−→
b , kde

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

. . .
...

an1 an2 · · · ann

 ,
−→
b =


b1
b2
...
bn

 , −→x =


x1

x2

...
xn

 .

LU rozklad:

• rozklad matice soustavy A na součin horńı (U) a dolńı (L) trojúhelńıkové matice ve tvaru

L =


1 0 0 · · · 0

m21 1 0 · · · 0
m31 m32 1 · · · 0

. . .

mn1 mn2 mn3 · · · 1

 a U =


u11 u12 · · · u1n

0 u22 · · · u2n

. . .

0 0 · · · unn

 ,

kde prvky mij , i = 1, . . . , n, j = 1, . . . , n se nazývaj́ı multiplikátory

Postup pro výpočet:

• GAUSSOVA ELIMINAČNÍ METODA (GEM) BEZ VÝMĚNY ŘÁDKŮ:
Plat́ı A = L · U , tedy

A−→x =
−→
b

LU−→x︸︷︷︸
−→y

=
−→
b −→ 1. L−→y =

−→
b −→ −→y

2. U−→x = −→y −→ −→x

• GEM S ČÁSTEČNÝM VÝBĚREM HLAVNÍHO PRVKU (PIVOTA):
Plat́ı P ·A = L · U , kde P je permutačńı matice, tedy

P ·A−→x = P ·
−→
b

LU−→x︸︷︷︸
−→y

= P ·
−→
b −→ 1. L−→y = P ·

−→
b −→ −→y

2. U−→x = −→y −→ −→x .
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Př́ıklad 1. Řešte systém lineárńıch rovnic

x1 − 4x2 + 2x3 = −1

− x2 + 2x3 = 4

−2x1 + 5x2 − 4x3 = −4

a) pomoćı GEM bez výměny řádk̊u,

b) pomoćı GEM s částečným výběrem pivota.

Řešeńı.

a) GEM bez výměny řádk̊u:

• úprava na schodovitý tvar:

• LU rozklad matice soustavy:

L =

 1 0 0
0 1 0
−2 3 1

 , U =

1 −4 2
0 −1 2
0 0 −6


• ověřeńı rovnosti A = L · U :

L · U =

 1 0 0
0 1 0
−2 3 1

 ·
1 −4 2

0 −1 2
0 0 −6

 =

 1 −4 2
0 −1 2
−2 5 −4

 = A

• řešeńı pomoćı LU rozkladu:

1. řešeńı L−→y =
−→
b :  1 0 0 −1

0 1 0 4
−2 3 1 −4

⇒ −→y =

 −1
4
−18


2. řešeńı U−→x = −→y :  1 −4 2 −1

0 −1 2 4
0 0 −6 −18

⇒ −→x =

1
2
3


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b) GEM s částečným výběrem pivota:

• úprava na schodovitý tvar:

• LU rozklad matice soustavy:

L =

 1 0 0

− 1
2 1 0

0 2
3 1

 , U =

−2 5 −4

0 − 3
2 0

0 0 2


• permutačńı matice P

P =

0 0 1
1 0 0
0 1 0


• ověřeńı rovnosti P ·A = L · U :

P ·A =

0 0 1
1 0 0
0 1 0

 ·
 1 −4 2

0 −1 2
−2 5 −4

 =

−2 5 −4
1 −4 2
0 −1 2


L · U =

 1 0 0

− 1
2 1 0

0 2
3 1

 ·
−2 5 −4

0 − 3
2 0

0 0 2

 =

−2 5 −4

1 −4 2

0 −1 2


• řešeńı pomoćı LU rozkladu:

1. řešeńı L−→y = P
−→
b :  1 0 0 −4

− 1
2 1 0 −1

0 2
3 1 4

⇒ −→y =

−4

−3

6


2. řešeńı U−→x = −→y :  −2 5 −4 −4

0 − 3
2 0 −3

0 0 2 6

⇒ −→x =

1

2

3


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Řešený př́ıklad. Řešte systém lineárńıch rovnic

x1 + 2x2 + 2x3 = 6

4x1 + 4x2 + 2x3 = 2

4x1 + 6x2 + 4x3 = 10

a) pomoćı GEM bez výměny řádk̊u,

b) pomoćı GEM s částečným výběrem pivota.

Řešeńı.

a) GEM bez výměny řádk̊u:

• úprava na schodovitý tvar: 1 2 2
4 4 2
4 6 4

 ∼
1 2 2

0 −4 −6
0 −2 −4

 ∼
1 2 2

0 −4 −6
0 0 −1


• LU rozklad matice soustavy:

L =

1 0 0

4 1 0

4 1
2 1

 , U =

1 2 2

0 −4 −6

0 0 −1


• ověřeńı rovnosti A = L · U :

L · U =

1 0 0

4 1 0

4 1
2 1

 ·
1 2 2

0 −4 −6

0 0 −1

 =

1 2 2

4 4 2

4 6 4

 = A

• řešeńı pomoćı LU rozkladu:

1. řešeńı L−→y =
−→
b :  1 0 0 6

4 1 0 2

4 1
2 1 10

⇒ −→y =

 6

−22

−3


2. řešeńı U−→x = −→y :  1 2 2 6

0 −4 −6 −22
0 0 −1 −3

⇒ −→x =

−2
1
3



b) GEM s částečným výběrem pivota:

• úprava na schodovitý tvar:1 2 2
4 4 2
4 6 4

 ∼
4 4 2

1 2 2
4 6 4

 ∼
4 4 2

0 1 3
2

0 2 2

 ∼
4 4 2

0 2 2
0 1 3

2

 ∼
4 4 2

0 2 2
0 0 1

2


• LU rozklad matice soustavy:

L =

1 0 0

1 1 0
1
4

1
2 1

 , U =

4 4 2

0 2 2

0 0 1
2


• permutačńı matice P

P =

0 1 0
0 0 1
1 0 0


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• ověřeńı rovnosti P ·A = L · U :

P ·A =

0 1 0
0 0 1
1 0 0

 ·
1 2 2

4 4 2
4 6 4

 =

4 4 2
4 6 4
1 2 2


L · U =

1 0 0

1 1 0
1
4

1
2 1

 ·
4 4 2

0 2 2

0 0 1
2

 =

4 4 2

4 6 4

1 2 2


• řešeńı pomoćı LU rozkladu:

1. řešeńı L−→y = P
−→
b :  1 0 0 2

1 1 0 10
1
4

1
2 1 6

⇒ −→y =

2

8
3
2


2. řešeńı U−→x = −→y :  4 4 2 2

0 2 2 8

0 0 1
2

3
2

⇒ −→x =

−2

1

3


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