3. INTERPOLACNI POLYNOM, LAGRANGEUV A NEWTONUV TVAR

Katerina Koneéna

INTERPOLACNI POLYNOM:

e aproximace zadanych hodnot funkei F'(x) (polynomem)

e hodnoty zadanych bodu a funkce F(z) se shoduji v danych bodech xq,z1, ..., z,
e znaceni:
Ty &1y ooy Ty ... vzdjemné ruzné body (uzly)
YosY1s ---sYn ... dané hodnoty
F(z) ... hledana funkce (polynom nebo funkce vytvofend z polynomu), pro kterou plati

F(z;))=v;,1=0,1,...,n

P . mnozina viech polynomi stupné < n

LAGRANGEUV INTERPOLACNI POLYNOM
- konstrukce:
Interpolacni polynom v Lagrangeové tvaru:

1=0
Fundamentalni polynomy:
Li(x) = (x—x0) (x—21) oo (@ —2i1) (@ —Xig1) oo (T — p) i1,
(Ilffﬂo)(l’lfxl)(Ilfl'z_l)(l’lfxl_i_l)(Ilflﬂn)
. 1 =1
Plati: L;(z) € P™, L;(z;) = .= F(z) = L(x).
0 j#1
INTERPOLACNI POLYNOM V NEWTONOVE TVARU
- konstrukce:
Interpolacni polynom v Newtonové tvaru:
N(z)=ap+ai(x —x0)+...an(x —xz0) - (x —21) - -+ (x —xp_1), kde

ag, a1, - - -, 0y, jsou koeficienty spliujici soustavu rovnic

ao = Yo
ap+ a1 - (x1 — o) =11

ag + a1 (x2 — xo) + az(x2 — o) (T2 — 1) = Yo

a0+a1(xn_$0)+"'+an($n_330)‘""(ﬂfn—ﬂ;‘nfl)Zyn_
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Priklad. Pro zadané hodnoty sestrojte
a) Lagrangeuv interpola¢ni polynom,

b) Newtonuv interpola¢ni polynom.

iJo 1 2 3
yi |2 3 12 147

Resend.
a) Lagrangeuv interpola¢ni polynom:

= @=2) @=5)
Lo@) == 0=20=3)

Ll(if) =
LQ(J?) =
Lz(z) =

Langrangeuv interpola¢ni polynom:

L(x):Zylei(z):...

b) Newtonuv interpolaé¢ni polynom:

Tabulka pomérnych diferenci
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1
= —ﬁ(a:B — 82 4 17z — 10)

1
= Z(:ci” — 72 + 10z)
1 3 2
:—6(33 — 62 + 5z)
1

= @(z‘3 — 322 + 22)

=22t —x+2

ol xi Y Y(wi, Tit1) Y(Ti, Tit1, Tig2) y(@o, x1, T2, 23)
00 2

1|1 3

2] 2 12

3|5 147

Newtonuv interpola¢ni polynom:

N(z) =

=22t —x 42
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Reseng priklad. Nahrada funkce e®.

Naleznéte interpola¢ni polynom (v Lagrangeové i Newtonové tvaru), ktery aproximuje funkci e® a prochdz{ body o hod-
notach

a) o =0, 21 =1;

b :1?0:0,%1:0.57.’)32:1;

g
8

)
) 20 =0, 21 =1, 29 = 2;
d)$020,$1:%,$2=%7$3:1.

Resent.

a)

a) xg=0,21 =1

PR eX
i 0 1 S —  L(x), N(x)
z; |0 1 v
yi |1 e “

2.0

. ’ Lagrangeuv interpolac¢ni polynom: ‘

15
1

Fundamentalni polynomy:

Lo(x):g:i:—(x—l):l—x /

Li(z) = =z

1.0

,_.
I
o
0.0
1

] 1 ot . T T T T T T T T
Lagrangeuv interpola¢ni polynom: 02 0o os o o6 o8 o 5

X

1
Lx)=Y g Li(w)=1-(1-2)+e-x=1+z(e—1) =1+ 17182z
i=0

e | Newtonuv interpola¢ni polynom:‘

Tabulka pomérnych diferenci

T Y y(miamiJrl)
0 1

Czl =e—1
1 e

Newtonuv interpola¢ni polynom:
NE)=1+(e—-1)z=1+1.7182z
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b) $0:O,$1:0.57$2:1
b)

i |0 1 2 o
0 0.5 1 s — LX), N(x)
yi | 1 1.6487 2.7182
° ’ Lagrangetv interpolac¢ni polynom: ‘
Fundamentalni polynomy:
(x—0.5) - (z—1) 1
L == = 2 - = . — ]. o
@) =005 (0=1) v-3) @=1 31
(z—-0)-(z—-1) 0
L = -4 -1 3
@) = 05=0) (05 =1 (@ —1)
(z=0)-(z—3) 1 S
L - —_ — = 2 _ =
2(2) 1—0-1-1) "\ 2 N
-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
Lagrangeuv interpola¢ni polynom: x

2

1 1

L(z) = Zyl ~Lij(x) =2 (x - 2) (x—1)—1.6487 -4z (x—1)+2.7182 -2z (x - 2) =1+0.8766 2 + 0.8416 2
i=0

° ’ Newtonuv interpolaéni polynom:‘

Tabulka pomérnych diferenci

T Yi y(i, Tig1) Y(@i, Tiv1, Tiy2)
0 1
- 345870 =1.2974 2.1392-1.2074 _ () 8418
0.5 1.6487 2.7182—1.6487 =92.1392 1-0 -
1—0.5 :
1 2.7182

Newtonuv interpola¢ni polynom:

1
N(z)=1+129742 + 0.8418 <:c - 2) =1+ 0.8765 2 + 0.8418 2
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c) xo=0,21=1,29=2 5

i o 1 2 o
z; | 0 1 2 o — L(), NK9
yi |1 2.7182 7.3891
° ’ Lagrangetv interpolac¢ni polynom: ‘ © -
Fundamentalni polynomy: .
-1 -(z—2) 1 |
L = ==(z—-1 -2
(z-0)-(z-2) "
Li(x) = =—z(z—2
() (1-0)-(1-2) (z-2) ——
(x=0)-@@—1) 1 .
L = == -1
@)= 5o e ~ 2@ Y | ‘ ‘ ‘ ‘
0.0 0.5 1.0 15 20
Lagrangeuv interpola¢ni polynom: x
2 1 1
L(z) = Zy - Li(z) = 3 (x—1)(z—2) —2.7182x(x — 2) + 7.3891 - 37 (x—1)=1+40.24192 + 1.4764 2>
i=0
° ’ Newtonilv interpolaéni polynom:‘
Tabulka pomérnych diferenci
Z; Yi Y(@i, Tiy1) Y(Ti, Tit1, Tit2)
0 1
1 2.7182 S =T g v 1.4764
: 7.389;:%7182 — 4.6709 2-0
2 7.3891

Newtonuv interpolaéni polynom:

N(z) =1+ 171822 + 147642 (z — 1) = 1 + 0.2419 2 + 1.4764 2
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1 2
d) 2o=0,21 =35, 12=5,23=1

i |0 1 2 3
w0 T T 1
yi |1 13956 1.9477 2.7182

. ’ Lagrangeav interpolaéni polynom: ‘

Fundamentalni polynomy:

B
mo = G o ()
b= Ty (7 )
Lﬂx)‘f(xfé;))((x _%: -5+ 5)

Lagrangeuv interpola¢ni polynom:

3
> i Li(z)
=0

2

L(z)

9 9 9

2 2
+2.7182 - 5 (x3 — 22+ 9x>

.. =0.2786 2% + 0.4257 2% + 1.0140z + 1

e | Newtonuv interpolaéni polynom:‘

Tabulka pomérnych diferenci

3

11 2 2 5 2 2
=_= <x3—2m2+x—> +1.3956-2—7 <x3—m2+3x) —1.9477 - —

9

d)

— LX), NK)

eX

25

2.0

1.5

1.0

0.0
|

-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2

27

4 1
(:v?’ - ng + 390)

T Yi Y(wi, Tit1) Y(Ti, Tit1, Tiv2) Y(@i, Tig1, Tiyo, Tigs)
0 1 1.3956—1
202992 — 1.1868

% 1.3956 | 947§:f 3956 1'6563:11'1868 = 0.70425 _

292l (=2.9990 1.6563 3 0.9828—-0.70425 =0 27855

:-3 2.3115-1.6563 1-0 '

3 L9477 | sy toarr _ 23115 1-1 =0.9828

- 1-z  —“
1 2.7182 °

Newtonuv interpolaéni polynom:

1 1
N(z) =1+ 1.1868x + 0.70425 x <x - 3> + 0.27855 x (a: — 3) (

2
x— 3) =1+41.0140z + 0.4257 2% + 0.2786 z°

Tipy pro zamysleni:

e Jak se chova presnost odhadu, pokud zvysujeme pocet uzla?

e Jak se chova presnost odhadu, pokud pfi zadaném poctu uzli zvétSujeme interval, na kterém jsou uzly dany?

[verze: 3. X. 2017]



